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Abstract In the current work, an interesting and chal-

lenging mathematical model for a two-dimensional capil-

lary formation model in tumor angiogenesis problem will

be investigated numerically. The mathematical model

describes progression of tumor angiogenic factor in a unit

square space domain, namely the extracellular matrix. An

efficient numerical technique is performed to approximate

the numerical solution of the governing practical model.

The method is based on reproducing kernel Hilbert spaces

in the framework of the standard pseudospectral method.

Using reproducing kernel Hilbert space operational matri-

ces and elimination the treatment of complicated boundary

conditions are the main advantages of the proposed

method. Some illustrative examples are included to

demonstrate the effectiveness and versatility of the tech-

nique to deal with the governing mathematical model in

both linear and nonlinear models.

Keywords Reproducing kernel Hilbert space �
Pseudospectral method � Capillary formation � Tumor

angiogenic factor

1 Introduction

During recent decades, extensive researches have been

reported in literature for describing various phenomena in

angiogenesis problems [1–6]. Angiogenesis is the forma-

tion process of new capillaries in tissues from previously

existing vessels. Tumor growth and metastasis depend on

angiogenesis and lymphangiogenesis triggered by a

chemical signal from tumor cells, called tumor angiogenic

factor (TAF), in a phase of rapid growth [4, 7]. Therefore,

angiogenesis has an important role in pathological phe-

nomena such as tumor growth and cancer progression. In

recent years, several mathematical models are formulated

and appeared in literature to forecast and describe the

behavior of the tumor growth process. In [5, 6], authors

formulated and discussed mathematical modeling of the

process of tumor angiogenesis. They investigated the

problem in two main cases, one- and two-dimensional

capillary formation in tumor angiogenesis. The one-di-

mensional capillary formation in tumor angiogenesis has

been numerically investigated by using method of line [8],

shifted Legendre tau method [9], iterative operator-splitting

method [10] and radial basis function collocation method

[11]. Pamuk in [12] extended the works [5, 6] and studied a

mathematical model for capillary formation in the extra-

cellular matrix and under some restricted assumptions. He

focused on a two space dimensional tumor angiogenic

factor (TAF) equation in the absence of tumor source and

investigated the role of tumor angiogenesis factor which

activates the capillary network formation. In [13], authors

employed the method of line to approximate the numerical

results of tumor angiogenic factor (TAF) in the extracel-

lular matrix. In the current work, we consider a mathe-

matical model for capillary formation in two space

dimensions which show the role of tumor angiogenic factor
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(TAF) in the extracellular matrix (ECM) [6, 12, 13]. We

now consider the following initial-boundary value

problem:

ut ¼ rðDðx; yÞrðunÞÞ; 0\x; y\1; 0\t� T ; ð1:1Þ

uðx; y; 0Þ ¼ 0; 0\x; y\1; ð1:2Þ

uxð0; y; tÞ � auð0; y; tÞ ¼ 0; 0\y\1; 0\t� T ; ð1:3Þ

uð1; y; tÞ ¼ 1� � cosð2pyÞ; 0\y\1; 0\t� T ; ð1:4Þ

uyðx; 0; tÞ ¼ uyðx; 1; tÞ ¼ 0; 0\x\1; 0\t� T; ð1:5Þ

where u(x, y, t) is TAF concentration and D(x, y) is the

TAF diffusion coefficient. Here, n is the porosity constant

and a and � are some positive constant. Recently, a lot of

research works have been devoted to the developments and

applications of reproducing kernel space methods, such as

numerical solution of PDEs via collocation and Galerkin

approaches [14], multiple solutions of nonlinear boundary

value problems [15], approximation of stochastic partial

differential equations [16], numerical solution of integral

equations [17], application in fuzzy differential equations

[18–20], handling differential algebraic systems of ordi-

nary differential equations [21], numerical solution of

fractional differential equations [22], and applications to

machine learning [23]. The reproducing kernel Hilbert

space methods have successfully been applied to the sev-

eral nonlinear problems, such as nonlinear system of

boundary value problems, nonlinear initial value problems,

singular nonlinear two-point periodic boundary value

problems and singularly perturbed turning point problems

[24–46]. Here, we combine the theory of reproducing

kernel Hilbert spaces with the field of the pseudospectral

method to solve initial-boundary value problem (1.1)–

(1.5). The presented method like all other methods such as

spectral methods, finite difference and the presented

methods in [6, 12, 13] applied on TAF problems needs the

well-posedness of the problem theoretically. In practice,

we suppose the well-posedness of the problem

[6, 12, 13, 47]. Unlike the conventional reproducing kernel

method, we aim to construct a reproducing kernel method

without using the Gram–Schmidt orthogonalization pro-

cess. Applying the reproducing kernel method without the

Gram–Schmidt orthogonalization process is worthwhile,

because of numerical instability and the time-consuming

feature of this process. The method does not require any

linearization process for nonlinear case. Reproducing ker-

nels will be constructed in such a way that they will

automatically satisfy the required boundary conditions

exactly. The advantages of the utilized approach lie in the

following; firstly, it can produce good globally smooth

numerical solutions, and with ability to solve many prob-

lems with complex constraints conditions, which are dif-

ficult to solve; secondly, the numerical solutions and their

derivatives are converge uniformly to the exact solutions

and their derivatives, respectively; thirdly, the numerical

solutions and all their derivatives are applicable for each

arbitrary point in the given domain; fourthly, the method is

mesh-free and easily implemented and also it eliminates

the treatment of boundary conditions using the reproducing

kernels which satisfies the boundary conditions exactly.

2 Numerical procedure

In this section, the reproducing kernel Hilbert space

pseudospectral method will be employed to approximate

the numerical solution of the problem (1.1) with the given

initial and boundary conditions (1.2)–(1.5). After homog-

enization of the boundary conditions, using

uðx; y; tÞ ¼ vðx; y; tÞ þ wðx; yÞ; ð2:1Þ

where wðx; yÞ ¼ 1�� cosð2pyÞ
1þa ð1þ axÞ, the problem (1.1)–

(1.5) can be convert into the following form:

vt ¼ rðDðx; yÞrððvþ wÞnÞÞ; 0\x; y\1; 0\t� T ;

vðx; y; 0Þ ¼ � 1� r cosð2pyÞ
1þ a

ð1þ axÞ; 0\x; y\1;

vxð0; y; tÞ � avð0; y; tÞ ¼ 0; 0\y\1; 0\t� T ;
vð1; y; tÞ ¼ 0; 0\y\1; 0\t� T ;
vyðx; 0; tÞ ¼ vyðx; 1; tÞ ¼ 0; 0\x\1; 0\t� T ;

8
>>>>><

>>>>>:

ð2:2Þ

Now our interest is to solve the problem (2.2) based on

the reproducing kernel spaces methods.

2.1 Reproducing kernel-based basis functions

Here, a complete function system based on the reproducing

kernel space will be introduced. For this purpose, two

reproducing kernel spaces W1½0; 1� and W2½0; 1� are defined
as follows:

Definition 2.1 The inner product spaceW1½0; 1� is defined
as W1½0; 1� ¼ fuðxÞjuð2Þ is absolutely continuous real-val-

ued functions, uð3Þ 2 L2½0; 1�; u0ð0Þ ¼ u0ð1Þ ¼ 0g. The

inner product in W1½0; 1� is given by
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ðuð:Þ; vð:ÞÞW1
¼

X2

i¼0

uðiÞð0ÞvðiÞð0Þ þ
Z 1

0

uð3ÞðxÞvð3ÞðxÞdx;

ð2:3Þ

and the norm kukW1
is denoted by kukW1

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðu; uÞW1

q
,

where u; v 2 W1½0; 1�.

Definition 2.2 The inner product spaceW2½0; 1� is defined
as W2½0; 1� ¼ fuðxÞjuð2Þ is absolutely continuous real-val-

ued functions, uð3Þ 2 L2½0; 1�; uð1Þ ¼ 0g. The inner product
in W2½0; 1� is given by

ðuð:Þ; vð:ÞÞW2
¼

X2

i¼0

uðiÞð0ÞvðiÞð0Þ þ
Z 1

0

uð3ÞðxÞvð3ÞðxÞdx;

ð2:4Þ

and the norm kukW2
is denoted by kukW2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðu; uÞW2

q
,

where u; v 2 W2½0; 1�.

It is easy to show that the inner product spaces W1½0; 1�
and W2½0; 1� are reproducing kernel spaces.

Theorem 2.1 The space Wk½0; 1� for k ¼ 1; 2 is repro-

ducing kernel space. That is, for any uð:Þ 2 Wk½0; 1� and
each fixed y 2 ½0; 1�, there exists Rk;yð:Þ 2 Wk½0; 1�, such
that ðuð:Þ;Rk;yð:ÞÞWk

¼ uðyÞ. The reproducing kernel Rk;yð:Þ
can be denoted by

Rk;yðxÞ ¼
P2m

i¼1 ck;iðyÞxi�1 x� y;
P2m

i¼1 dk;iðyÞxi�1 x[ y:

(

ð2:5Þ

Proof See [24]. For more detail about reproducing kernel

Hilbert spaces Wk½a; b� and the method of obtaining their

reproducing kernels RyðxÞ, refer to [24–26, 29, 30] and

references there in.

Definition 2.3 The inner product spaceW3½0; 1� is defined
as W3½0; 1� ¼ fuðxÞjuð2Þ is absolutely continuous real-val-

ued functions, uð3Þ 2 L2½0; 1�; uð1Þ ¼ 0; u0ð0Þ �auð0Þ ¼ 0g.

Clearly, W3½0; 1� is a closed subspace of W2½0; 1�, and
therefore, it is also a reproducing kernel spaces. Put

LuðxÞ ¼ u0ð0Þ � auð0Þ. In the following theorem, the

reproducing kernel of W3½0; 1� is introduced.

Theorem 2.2 If LxLyR2;yðxÞ 6¼ 0, then the reproducing

kernel R3;yðxÞ of W3½0; 1� is given by

R3;yðxÞ ¼ R2;yðxÞ �
LxR2;yðxÞLyR2;yðxÞ

LxLyR2;yðxÞ
; ð2:6Þ

where the subscript x on the operator L indicates that the

operator L applies to the function of x.

Proof See [48, 49]. Now, we are ready to introduce a

reproducing kernel Hilbert space associate to the governing

problem (2.2).

Definition 2.4 Let X ¼ ½0; 1� � ½0; 1� � R2. The inner

product space WðXÞ is defined as WðXÞ ¼ ff ðx; yÞjo2xo
2
y is

complete continuous in X, o3xo
3
y 2 L2ðXÞ; fxð0; yÞ �

af ð0; yÞ ¼ 0; f ð1; yÞ ¼ 0; fyðx; 0Þ ¼ 0; fyðx; 1Þ ¼ 0g. The

inner product in WðXÞ is defined as follows:

ðf ðx; yÞ; gðx; yÞÞW ¼
X2

i¼0

Z 1

0

o3yo
i
xf ð0; yÞo3yoixgð0; yÞ

h i
dy

þ
X2

j¼0

o j
yf ðx; 0Þ; o

j
ygðx; 0Þ

� �

W3

þ
Z Z

D
o3xo

3
y f ðx; yÞo

3
xo

3
ygðx; yÞdxdy:

ð2:7Þ

Theorem 2.3 WðXÞ is a reproducing kernel space which

has reproducing kernel

Rs;zðx; yÞ ¼ R1;sðxÞR3;zðyÞ; ð2:8Þ

where R1;sðxÞ and R3;zðyÞ are the reproducing kernels of

W1½0; ; 1� and W3½0; 1�, respectively.

Proof See [24]. Now, letwjðx; yÞ ¼ Rxj;yjðx; yÞwhere fxj ¼
ðxj; yjÞg1j¼1 is a dense set in X, then fwjg

1
j¼1 is a complete

function system of WðXÞ, [24]. In our implementation, the

basis functions fwjg
1
j¼1 will be used as trial functions. h

2.2 A time discretization scheme coupled

with pseudospectral method

In this section, a time discretization strategy will be

employed to discrete the time-dependent problem (2.2).

For simplicity, we use a first-order Euler time integration

scheme at two consecutive time levels m and mþ 1 to deal

with the temporal derivatives as follows:

vmþ1 � vm

Mt
¼ rðDðx; yÞrðvm þ wÞnÞ; ð2:9Þ

where Mt ¼ tmþ1 � tm denotes the time step size and

vm ¼ vðx; y; tmÞ. The relation (2.9) can be extended as follows:
vmþ1 ¼ vm þ MtðrðDðx; yÞrðvm þ wÞnÞÞ

¼ vm þ Mt rDðx; yÞ:rðvm þ wÞn þ Dðx; yÞr2ðvm þ wÞn
� �

¼ vm þ Mt
�
nðvm þ wÞn�1½Dxðx; yÞðvmx þ wxÞ þ Dyðx; yÞðvmy þ wyÞ�

þ Dðx; yÞ½nðvm þ wÞn�1ðvmxx þ wxx þ vmyy þ wyyÞ
þ ðn2 � nÞðvm þ wÞn�2½ðvmx þ wxÞ2 þ ðvmy þ wyÞ2��

�
:

ð2:10Þ

Clearly in the above time-integrated process, by using

the initial condition as v0 ¼ vðx; y; 0Þ, the dependent vari-

able at each time level vmþ1 depends on the results at the

previous time level vm:
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cFig. 1 Solution of the problem (1.1)–(1.5) at T ¼ 10; 30; 60; 100; 200; 400; 650 and T ¼ 1100 for n ¼ 1 (linear case)
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Now, we will use the pseudospectral (PS) method to

estimate the approximate results of relation (2.10). Pseu-

dospectral methods are known as highly accurate solvers

for partial differential equations. The basic idea [50, 51] is

to use the set of basis functions wj ¼ Rxj; yjðx; yÞ; j ¼
1; . . .;N; related to collocation points ðxj; yjÞ; j ¼ 1; . . .;N;

to represents the unknown function vm at a fixed time tm,

via

vmNðx; yÞ ¼
XN

j¼1

bmj wjðx; yÞ; ðx; yÞ 2 X: ð2:11Þ

It is obvious that vmNðx; yÞ satisfies the boundary condi-

tions of (2.2). Now based on the idea of RKHS pseu-

dospectral methods at first step the RKHS operational

matrices should be constructed. For this, if we evaluate

(2.11) at grid points ðxi; yiÞ; i ¼ 1; . . .;N; then we get

vmNðxi; yiÞ ¼
XN

j¼1

bmj wjðxi; yiÞ; i ¼ 1; . . .;N; ð2:12Þ

or in matrix notation

vm ¼ Abm; ð2:13Þ

where the evaluation matrix A has the entries

Ai;j ¼ wjðxi; yiÞ, bm ¼ ½bm1 ; . . .; b
m
N �

T
and vm ¼

½vmNðx1; y1Þ; . . .; vmNðxN ; yNÞ�
T

are the coefficient and

unknown vectors at time level m, respectively. Let L be a

linear operator, we can use the expansion (2.11) to compute

the LvmN by operating L on the basis functions

LvmNðx; yÞ ¼
XN

j¼1

bmj Lwjðx; yÞ; ðx; yÞ 2 X: ð2:14Þ

If we again evaluate at the grid points ðxi; yiÞ; i ¼
1; . . .;N; then we get in matrix notation

Lvm ¼ ALb
m; ð2:15Þ

where vm and bm are as above and the matrix AL has entries

Lwjðxi; yiÞ. Then, we can use (2.13) to solve the coefficient

vector bm ¼ A�1vm and then (2.15) yields

Lvm ¼ ALA
�1vm; ð2:16Þ

so that the operational matrix L corresponding to linear

operator L is given by

L ¼ ALA
�1: ð2:17Þ

In order to obtain the differentiation matrix L we

need to ensure invertibility of the evaluation matrix

A. This generally depends both on the basis functions

chosen as well as the location of the grid points ðxi; yiÞ.
Reproducing kernel of a Hilbert space is positive definite

or positive semi-definite [14, 52]. For positive definite

reproducing kernels, it is well known that the evaluation

matrix is invertible for any set of distinct grid points.

For positive semi-definite kernels, it is possible to con-

struct a counterexample that leads to a singular matrix.

Interestingly, though such counterexamples are found

rather seldom and with difficulty [52]. Now, by imple-

menting the presented technique to deal with relation

(2.10), one could obtain the following relation:

vmþ1 ¼ vm þ Mt
�
nðvm þ wÞ:fðn� 1Þ:

� ½Dx: � ðDxv
m þ wxÞ þ Dy: � ðDyv

m þ wyÞ�
þ D: � ½nðvm þ wÞ:fðn� 1Þ:
� ðDxxv

m þ wxx þDyyv
m þ wyyÞ

þ ðn2 � nÞðvm þ wÞ:fðn� 2Þ:
� ½ðDxv

m þ wxÞ:f2þ ðDyv
m þ wyÞ:f2��

�
;

ð2:18Þ

where Dx;Dxx;Dy and Dyy are differentiation matrices and

vm, w, wx, wy, wxx, wyy, D, Dx and Dy denote the vectors

whose components are the values of vm, w, ow
ox
, ow
oy
, o2w
ox2

, o2w
oy2

,

D(x, y), Dxðx; yÞ and Dyðx; yÞ at the collocation points,

respectively. Moreover, symbols :� and :f denote the

element–wise product and power of vectors, respectively.

3 Numerical results

In this section, we show some numerical simulation to the

problem (1.1)–(1.5). For numerical purposes, we take D ¼
0:0036; a ¼ 0:05 and � ¼ 1. In order to test the perfor-

mance of the method and accuracy of approximate solu-

tions in the absence of exact solutions, a point-wise

relative error of the approximation will be reported,

defined as:

EN ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN
j¼1ðueN ðxj; yj; tmÞ � uNðxj; yj; tmÞÞ2

PN
j¼1ðueN ðxj; yj; tmÞÞ

2

v
u
u
t ; ð3:1Þ

for 0� tm � T , where eN ¼ 21� 21. To illustrate the

validity and efficiency of the method, numerical results for

a linear case ðn ¼ 1Þ and a nonlinear case ðn ¼ 2Þ of the

governing problem is investigated. Clearly by taking

Dðx; yÞ ¼ D ¼ constant and n ¼ 1 in the relation (2.18),

we have:

vmþ1 ¼ vm þ DtDðDxxv
m þDyyv

m þ wxx þ wyyÞ: ð3:2Þ

Also for the nonlinear case ðn ¼ 2Þ in a similar way, we

can get
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Fig. 2 Solution of the problem (1.1)–(1.5) at T ¼ 10; 30; 60; 100; 300 and T ¼ 500 for n ¼ 2 (nonlinear case)
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vmþ1 ¼ vm þ DtD½2ðDxv
mÞ: � ðDxv

mÞ þ 2ðvm þ wÞ: � ðDxxv
mÞ

þ 4wx: � ðDxv
mÞ þ 2ðvm þ wÞ: � wxx þ 2wx: � wx

þ 2ðDyv
mÞ: � ðDyv

mÞ þ 2ðvm þ wÞ: � ðDyyv
mÞ

þ 4wy: � ðDyv
mÞ þ 2ðvm þ wÞ: � wyy þ 2wy: � wy�:

ð3:3Þ

The presented method is employed for solving the

problems (1.1)–(1.5) step by step as follows:

1. Transform the problem (1.1)–(1.5) to (2.2) using (2.1).

2. Construct the reproducing kernel of WðXÞ using (2.5)–

(2.8).

3. Take the collocation points X ¼ fxj ¼ ðxj; yjÞgNj¼1

which are uniformly distributed points in ½0; 1� � ½0; 1�.
4. Construct the operational matrices Dx;Dxx;Dy and Dyy

using (2.14)–(2.17).

5. Provide the initial guess v0 which denote the vector

whose components are the values of v(x, y, 0) at the

collocation points.

6. Use (2.18) iteratively to produce the sequence vmþ1.

7. Let um ¼ vm þ wm which denote the vector whose

components are the values of approximated solution at

the collocation points X and time step tm.

Figure 1 shows the graphs of TAF concentration at

times T ¼ 10; 30; 60; 100; 200; 400; 650 and T ¼ 1100

with Dt ¼ 0:01 for n ¼ 1 (linear case). Figure 2 shows the

graphs of TAF concentration at times T ¼

10; 30; 60; 100; 300 and T ¼ 500 with Dt ¼ 0:01 for n ¼ 2

(nonlinear case).

In Table 1, the point-wise relative errors of the

approximations for the linear case ðn ¼ 1Þ at different

times up to T ¼ 1100 with Dt ¼ 0:01 are presented by

choosing N ¼ 121;231. In Table 2, the point-wise relative

errors of the approximations for the nonlinear case ðn ¼ 2Þ
at different times up to T ¼ 500 with Dt ¼ 0:01 are pre-

sented by choosing N ¼ 121;231. Table 3 shows the exe-

cution time of the algorithm to produce some graphs of

Figs. 1 and 2 at different times T and N ¼ 121 number of

collocation points.

4 Conclusions

In this work, reproducing kernel Hilbert space Pseu-

dospectral method is successfully formulated and imple-

mented for solving a mathematical model for capillary

formation in two space dimensions which show the role of

tumor angiogenic factor (TAF) in the extracellular matrix

(ECM). A time stepping approach is used for time

derivative, and reproducing kernel Hilbert space opera-

tional matrices is employed to the spatial derivatives. The

method does not require any linearization process for

nonlinear case. The presented results through the fig-

ures and tables show the accuracy and efficiency of the

method.

Table 1 Relative errors of the approximations for linear case (n ¼ 1) at different times T and N ¼ 121; 231 number of collocation points

N T ¼ 200 T ¼ 400 T ¼ 650 T ¼ 1100

121 8:01585� 10�3 8:37575� 10�3 8:4689� 10�3 8:48451� 10�3

231 7:15359� 10�4 5:99539� 10�4 5:84544� 10�4 5:83507� 10�4

Table 2 Relative errors of the approximations for nonlinear case (n ¼ 2) at different times T and N ¼ 121; 231 number of collocation points

N T ¼ 10 T ¼ 30 T ¼ 60 T ¼ 100 T ¼ 500

121 7:44781� 10�3 9:93058� 10�3 8:20221� 10�2 3:72168� 10�2 1:48947� 10�2

231 3:77111� 10�3 1:25469� 10�3 5:19735� 10�2 6:51232� 10�3 4:45852� 10�3

Table 3 Execution time of the algorithm for linear case (n ¼ 1) and nonlinear case (n ¼ 2) at different times T and N ¼ 121 number of

collocation points

n T ¼ 10 (s) T ¼ 30 (s) T ¼ 60 (s) T ¼ 100 (s)

1 6.9 20.2 41.5 67.8

2 22.3 66.9 129.5 207.4
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