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A B S T R A C T

Natural and rocking frequencies of liquid-filled unanchored cylindrical steel tanks are determined using an
analytical approach. In the proposed simplified mechanical model, the bottom plate of the tank is replaced by
equivalent rotational and vertical springs. To evaluate natural frequencies, potential and kinetic energies of the
liquid-filled tank are utilized and the eigen equation is solved by applying the Lagrange method and Ritz-type
mode shapes for elastically supported cylindrical shells. Formulas are also derived to determine the rocking
frequency based on a rotational rigid body motion and results are verified with available experimental data.
Also, effect of the increase in kinetic energy of the tank during rocking motion on the natural frequencies of the
tank is explored. To investigate the effects of tank geometrical aspect ratios on the structural responses, three
models with height to diameter ratios of 0.4 (squat tank), 0.63 (medium tank) and 0.9 (slender tank) are
considered. The results obtained using the proposed simplified mechanical model indicate that the method is
capable of determining the rocking frequency of unanchored steel liquid-filled tanks with acceptable accuracy.
Also, it is shown that at the onset of rocking mode, the fundamental natural frequency of the tank decreases
considerably.

1. Introduction

Ground-based steel storage tanks are used extensively to store oil
and chemical products. They may be anchored to their foundations or
rest unanchored. Numerous research works have been carried out to
determine the dynamic properties and seismic response of anchored
tanks [1–4], however, similar studies on the unanchored tanks have
been limited. The main parameter affecting the response of an
unanchored tank during lateral seismic acceleration is the uplifting of
the bottom plate and the induced rocking vibration mode.

Some experimental and theoretical work aimed at investigating the
effect of uplifting of the bottom plate and rocking response of
unanchored tanks have been reported in the literature. An early
attempt was made by Shih [5] in which natural modes of anchored
and unanchored tanks were evaluated both analytically and experi-
mentally. The analytical natural frequencies of anchored tanks were
determined by application of Hamilton method, Lagrange equations
and two individual Ritz-type mode shapes. He also evaluated rocking
frequency of an unanchored model under harmonic base excitation.
Later, Manos and Clough [6] carried out a comprehensive experimental
static tilting support and dynamic time history shaking table accelera-

tion tests on large-scale tank models. Their study showed that coupling
of the uplift mechanism which dominates the response of the unan-
chored tanks may result in very high compressive axial membrane
stresses. Barton and Parker [7] applied F.E. numerical analysis to
investigate dynamic response of unanchored tanks. Soil support under
the plate was modeled by several low stiffness springs in tension. They
reported that the uplift of bottom plate obtained in the F.E. numerical
model was much smaller than the experimental data. Ishida and
Kobayashi [8] also investigated rocking response of unanchored tanks
using shaking table excitation on small-scale models. They reported
that rocking of the unanchored tank models started in lower accelera-
tions compared to those calculated by the rigid body motion theory.
Later, Qu [9] reported on the results of shaking table experiments to
determine the seismic response and uplifting of bottom plate in
unanchored tanks.

On theoretical side, Natsiavas and Babcock [10] developed an
analytical method to determine the tank fundamental frequency and
hydrodynamic loads. They modeled uplifting of bottom plate using an
equivalent rotational spring. Natsiavas [11] also derived a set of
equations to describe the dynamic response of unanchored tanks using
energy method. Lau and Zeng [12] and Lau et al. [13] applied Ritz-type
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shape functions in combination with F.E. method to analyze the bottom
plate uplift. Later, Berhaman and Behnamfar [14] used F.E. numerical
modeling to determine the failure modes of unanchored tanks. Their
analyses were linear and to determine failure modes, maximum shell
stresses and base plate rotation were compared with allowable values
in design codes. Malhotra [15] and Ahari et al. [16] also presented an
approximate method for analysis of unanchored tanks, modeling the
bottom plate by a number of flexibly supported prismatic beams.

On the effects of uplift on fluid-structure dynamic interaction,
Veletsos and Tang [17] evaluated additional hydrodynamic pressures
induced by rocking of cylindrical tanks. In more recent years, Ozdemira
et al. [18] applied nonlinear fluid-structure interaction formulations to
determine seismic response of anchored and unanchored tanks. The
effects of shell circumferential wave forms on the modal frequencies of
tanks were also studied by Maheri and Severn [2] and Nachtigall et al.
[19]. They concluded that the fundamental mode of the tank is
associated with higher order circumferential wave forms and that
current design codes could not be confidently applied to determine
the fundamental frequency of the tank.

A review of the literature as outlined above reveals that save for the
early work presented by Shih [5], no other work has concentrated on
evaluation of natural frequencies and mode shapes of unanchored steel
tanks. Also, rocking mode frequency of unanchored tanks, including
partial uplifting of the bottom plate during rocking, has not been
investigated. The main aim of the present study is to introduce a viable
analytical method to evaluate natural and rocking frequencies of
unanchored tanks. Also, the important effects of rocking mode on the
natural frequencies of the fluid-filled tanks are investigated.

2. Proposed analytical method

An analytical approach was presented by Shih [5] for evaluating
natural frequencies of liquid-filled unanchored tank, based on two
individual mode shapes. In this section, a three mode approach is
proposed to include the effects of support flexibility on mode shapes.
Furthermore, equations are presented to determine frequencies of
rocking mode and the effect of rocking on the natural frequencies of the
tank.

2.1. Natural frequencies

2.1.1. Proposed three-mode eigen solution
The potential and kinetic energies of a liquid-filled steel tank are

presented by Shih [5]. After determining the potential and kinetic
energies, by using Hamilton principle and Lagrange equations, dy-
namic equation of motion may be obtained.

For anchored tanks, two independent mode shapes including lateral
(φ x( )) and axial (ψ x( )) were considered by Shih [5]. He assumed the
torsional mode to be exactly the same as the lateral mode. However, in
this study, to consider the effect of flexibility of bottom plate of
unanchored tanks on the mode shapes, it was necessary to define the

torsional mode as a separate mode. Therefore, three independent;
lateral (φ x( )), axial (ψ x( )) and torsional (ϕ x( )) mode shapes are
defined. Using Lagrange equations, the equation of motion in matrix
form will be:
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In these equations, ω is the natural frequency of the tank. For two
independent modes, formulation of matrix arrays in Eq. (1) are given
in Appendix A [5]. By upgrading this matrix to include the proposed
three modes, only C H, ͠∼

and I∼ arrays would change. These arrays are
defined in Eqs. (2)–(4).
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In Eqs. (1)–(4),U V, ∼∼
and W͠ are displacement arrays in the lateral,

torsional and axial directions, with ∫A Adx< > =
L

0
,

∫A H x Adx< > = ( − )H
H

L0L
L . Also, R is radius, HL is liquid level, H is height

of the tank, ts and tb are thicknesses of wall and the bottom plate, ρs is
tank shell density and n is the circumferential wave number. For
simplicity, only the first mode in each direction is considered here.
Therefore, order of the matrix in Eq. (1) would be three. The eigen
solution of this matrix would produce three eigen values, smallest of
which is regarded as the fundamental natural frequency of the tank.

2.1.2. Effect of support flexibility on mode shapes
In the following, evaluation of lateral and axial modes giving due

consideration to the effect of support flexibility on the mode shape is
discussed.

2.1.2.1. Lateral mode. For the lateral mode, in a simplified
mechanical model, partial uplifting of the bottom plate is modeled
with an equivalent rotational spring. Stiffness of this spring depends on
the overturning moment of the tank against bottom plate uplift as
shown in Fig. 1. In this simplified mechanical model, the tank wall is
idealized as an equivalent flexural beam and the bottom plate is
modeled with a rotational spring.

Fig. 1. (a) Uplifting of bottom plate and schematic representation of bottom plate rotation, (b) general form of the moment-rotation diagram of the bottom plate.
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Mode shape of a flexural beam is expressed in the form of Eq. (5)
[20].

f x c βx c βx c βx c βx( )= cosh( )+ sinh( )+ cos( )+ sin( )1 2 3 4 (5)

In this equation, c1 to c4 are constant coefficients which depend on

the boundary conditions, β = ,mω
EI

4 s2
where, m is the mass of wall per

unit length,ωs is the natural frequency of the tank shell, E is modulus of
elasticity and I is moment of inertia of the circular hollow section of the
tank. Boundary conditions for the bottom of unanchored tank are
presented in Eqs. (6) and (7).

f x( ) = 0 (6)

EI d f x
dx

k df x
dx

( ) = ( )
θ b

2

2 , (7)

In Eq. (7), kθ,b is rotational stiffness of equivalent spring represent-
ing the bottom plate. Mode shapes and their derivatives for normalized
length of the tank and for three different values of kθ b, are shown in
Fig. 2 and 3, respectively. As it can be seen in Fig. 2, by decreasing kθ b, ,
the mode shape tends towards a straight line and its slope at the tank
support point increases.

2.1.2.2. Axial modes. Regarding axial vibration, it is assumed that the
vertical uplifting of the bottom plate would cause it to separate from its
base except for one point as shown in Fig. 4. For a simplified solution, it
was assumed that the axial loads are applied only on the edge of the
circular plate. Using Eq. (8), stiffness of equivalent vertical spring of
the bottom plate (k )t is evaluated. In these equations, w (0) is the
vertical deflection of the plate at the edge, p is the line load on the edge
of the plate and D is the flexural stiffness of bottom plate, defined as

.Et
ν12(1 − )

b3
Eq. (8) shows that this stiffness depends on the thickness, tank

radius and mechanical properties of the steel wall.
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In the simplified mechanical model for axial vibration, bottom plate
can be replaced with an equivalent vertical spring and the tank shell
with an equivalent axial bar. Mode shapes of a beam under axial
vibrations are represented in the form of Eq. (9) [20].

f x C cos αx C sin αx( )= ( )+ ( )1 2 (9)

where, C1 and C2 are constant coefficients which depend on the

boundary conditions and α = mω
EA

2 t2 , where, ωt is frequency of vertical
mode and A represents the cross sectional area of the tank shell.
Boundary conditions for a supported bar on the vertical spring with
stiffness, kt can be written as:

EA df x
dx

k f x( ) =− ( )t (10)

Axial mode shape and its derivative for different kt are plotted in
Fig. 5 and 6, respectively. Fig. 5 shows that as the spring stiffness
decreases, mode shape moves towards the axial mode of a free ends
bar.

2.2. Rocking frequency formulation

It is assumed that liquid-filled tank behaves similar to a pendulum
which is restrained by a rotational spring with Kθb stiffness as shown in
Fig. 7. The potential and kinetic energies of the system can be written
as in Eqs. (11) and (12), respectively (Fig. 8).

V K θ= 1
2

( )θb r
2

(11)

T T T= +r s r l, , (12)

In these equations, θr is rocking angle, T I θ= ( ̇ )r s o s r,
1
2 ,

2 , is kinetic

energy of the shell and T I θ= ( ̇ )r l o l r,
1
2 ,

2 is kinetic energy of liquid. Also, Io,s
and Io,l are moments of inertia of shell and liquid, respectively, about a
point at the bottom of the tank and θṙ is the rocking angular velocity.

Using Lagrange principle and relating θr to ωr (rocking frequency)
with Asin ω tθ = ( )rr , equation of tank rocking motion would be obtained
in the form of Eq. (13).

I I θ K θ( + ) ̈ + ( )=0o s o l r θb r, , (13)

By solving Eq. (13), frequency of rocking mode would be obtained
as follows:

ω K
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=
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2
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In the above solution, rocking angle and angular velocity are
unknown. Initial release angle of the tank to produce rocking motion
or amplitude of base excitation determine the rocking angle, however,
rocking frequency was assumed to remain constant. The main assump-
tions in the above solution include: small rocking angles and ignoring
the effects of deformation of the tank and sloshing of liquid on the
potential and kinetic energies given in Eqs. (11) and (12).

2.3. Effect of the rocking mode on the tank natural frequencies

Although rocking can be regarded as a rigid body rotational mode,
additional kinetic energy from rocking would also affect the total
kinetic energy of a deformable tank. Fig. 9 shows a schematic 2-D view
of lateral velocity while the tank is rocking. Increased lateral velocity
due to rocking, ẇnew, which is a function of height (x) is given by
w w x xθ̇ = ̇ ( ) + ̇new r . In this equation, w ẋ ( ) is the induced lateral velocity of
base excitation before the start of rocking. The angular velocity (θṙ)
depends on the rocking angle assumed to be in the form of θ ẋ ( ) =r

πxθ
ω

8 r
r
.

Although in pendulum motion, angular velocity θ̇r would not remain
constant during its periodic rocking, in order to simplify the analytical
solution its average value was regarded as the rocking angular velocity.
In the absence of damping mechanisms such as yielding of bottom
plate and sloshing of liquid, amplitude of the rocking angle would
increase with increase in time. However, experimental evidence
indicate that rocking angle became constant after some cycles due to
the presence of damping mechanisms [5].

Ignoring sloshing of the liquid, rocking would not affect velocities in
axial and torsional directions. With new lateral velocity (ẇnew), kinetic
energy of the shell and liquid are upgraded in Eqs. (15) and (16),
respectively. Also, the new term increases the potential energy in Eq.
(17). However, considering the assumption of small rotational angle,
this increase is ignored. Upgrading Lagrange Equation, will introduce

Fig. 2. Normalized lateral mode shapes for various stiffness of equivalent rotational
spring of bottom plate for unanchored tanks.
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changes in term Cij in Eq. (2) which in turn forms the new Eq. (18),
expressing Cij.

∫ ∫T
ρ t

RdXd=
2

(u̇ +v̇ +ẇ ) θs
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In Eq. (18), rocking angle, θ ,r is unknown while the rocking
frequency may be evaluated from Eq. (14). Also, in Eq. (18), integra-
tion term φx< >2 is added, where, x has to be normalized in the range
zero to one, similar to normalizing the lateral mode shape.

3. Verification of the analytical solution

To verify the accuracy of the proposed analytical solution for
determining natural and rocking frequencies of unanchored tanks,
the analytical solution is compared with experimental and numerical
data available for some problems.

3.1. Verification with experimental data

As it was discussed earlier, the relatively limited work on unan-
chored steel tanks have concentrated on their seismic response and
evaluation of their buckling modes and very little attempt has been
made to evaluate the effect of uplift on the natural frequencies of the
tank. The only experimental data available on rocking frequency of a
liquid-filled steel tank is due to Shih [5]. He carried out a harmonic
base excitation test on a small scale tank made of Maylor (a type of
polymer), named model IIb, and evaluated the rocking frequency of the

tank as 2.73 Hz. To verify the proposed rocking frequency given by Eq.
(14), the tank tested by Shih [5] is used. Mechanical properties of
Maylor and the liquid (water in this case) are shown in Table 1.

In order to calculate the rocking frequency of the tank, moment-
rotation diagram of bottom plate is needed so that the stiffness of the
equivalent rotational spring of bottom plate, Kθb, can be evaluated. Shih
[5] carried out a gradual tilting support test on model I but not on
model IIb considered here. Model I was the same as model IIb with
only differences being in the thickness of shells and bottom plates, the
latter being 0.0051 cm in model I and 0.0076 cm in model IIb. In the
following, K Kfor model I( )θb θb I, is first evaluated. Then, a conversion
factor is worked out to evaluate K Kfor model IIb( ).θb θb IIb, Kθb I, for test
model I was calculated using experimental data and Eq. (19).

K M
θ

=θb I
b

,
(19)

In the above equation, M is overturning moment due to liquid and

Fig. 3. Normalized derivative of lateral mode shapes for various stiffness of equivalent
rotational spring of bottom plate for unanchored tanks.

Fig. 4. Schematic view of bottom plate of unanchored tank for determining its equivalent vertical spring.

Fig. 5. The effect of stiffness of the equivalent axial spring of bottom plate on the
normalized axial mode shape.

Fig. 6. The effect of stiffness of the equivalent axial spring of bottom plate on the
normalized derivative of axial mode shape.
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shell during tilting and θ =b
δ
R2 , where, δ is the maximum uplift of the

bottom plate.
Based on theory of shells and plates, ignoring shear and axial

deflections for thin plates, flexural deflections of bottom plate becomes
a function of its thickness, mechanical properties (modulus of elasticity
and Poisons ratio) and boundary conditions. The differences in models
I and IIb are their thickness and boundary condition of bottom plate.
In the following, the effects of wall thickness on the boundary
conditions and deflections of the bottom plate are discussed.

It was assumed deflections of wall and bottom plate fall within
elastic range. So, in the simplified mechanical model, wall shell could
be idealized by rotational springs around the edge. The stiffness of
these springs for tall shells (H>π

β with β defined in Eq. (20)) can be

evaluated from Eqs. (21) and (22) [21].

β ν
R t

= 3(1− )
s

2 2
0.25

(20)

k = Et
2β R (2βf(βH))θw

s
2 2 (21)

where,

f(βH)= cosh(βH) − cos(βH)
sinh(βH) + sin(βH) (22)

To show that for models I and IIb any change in the wall thickness
and stiffness of equivalent rotational springs does not have a significant
effect on the deflections of the bottom plate, a plate with similar
geometrical and material properties to those of models I and IIb is
considered. The plate is assumed to be restrained in vertical direction
with rotational springs around its circumference under uniform unit
loading. Applying boundary condition to the governing equation of
deflection of circular plates, the vertical deflection of the plate may be
expressed in the form of Eq. (23). In this equation D is the flexural
stiffness of plate [21].

w r
k

D ν k R
r
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24 32 0(

4 4o o o o
2 3 4 5

(23)

Table 2 compares rotational stiffness of equivalent springs of the
tank wall (k )θw , maximum deflection of bottom plate under uniform
loading (wmax) and flexural stiffness of bottom plate (D) of test modes
I and IIb. A close inspection of this table shows that ratio of wmax for
models I and IIb is very close to the ratio of their flexural stiffness (only
differs by 3.7%). This shows that for models I and IIb, wmax is
primarily a function of flexural stiffness of their bottom plates.

Therefore, it can be assumed that the uplift is only proportional to
the inverse of flexural stiffness of the bottom plate, hence, Kθb II, could
be evaluated using Eq. (24). In this equation, DI and DII are flexural
stiffness of bottom plate for models I and IIb, respectively.

K =K × D
Dθb,II θb,I

II

I (24)

Rocking frequency of model tank IIb, calculated using the proposed
analytical formulation is compared with the experimental value

Fig. 7. Modeling the rocking motion of the tank as a pendulum.

Fig. 8. Increased kinetic energy due to rocking.
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reported by Shih in Table 3. Difference between the two frequencies is
about 6.2%, indicating the acceptable accuracy of the proposed
analytical solution, particularly when we consider the approximations
made in obtaining the stiffness of the equivalent rotational spring of
bottom plate of test model IIb.

3.2. Verification with numerical solutions

To verify the accuracy of the proposed analytical solution, three full-
scale steel storage tanks, first studied by Virella et al. [2] and later by
Dehghan-Manshadi and Maheri [3], Maheri and Abdollahi [22] and
Virella et al. [2,23] are considered. In the above studies, the tanks were
considered anchored at base and had cone roofs supported by a
number of radial beams and columns. In the present study, however,
both anchored and unanchored conditions are considered. Also, in this
study the tanks are regarded roofless to allow comparison between the
analytical and the finite element solutions. The first tank, designated
Model A, also referred to as the short tank, has a height to diameter
ratio, H/D of 0.40. The second tank (Model B), also referred to as the

medium height tank has an H/D of 0.63. The third tank (Model C),
referred to as the tall tank has an H/D of 0.95.

For numerical analysis, ANSYS V. 10 software [24] is utilized. Wall
shell was modeled using SHELL63 and liquid was modeled with FLUID
80 elements. Geometrical properties of the three tanks are given in
Table 4. In this table, ts , tb, HL and R are the thickness of wall,
thickness of bottom plate, height of liquid and radius of the tank,
respectively. The F.E. idealization of the tank Models A and C are
shown in Fig. 9. Tank shell is assumed to be of steel and liquid is
considered to be crude oil.

To carry out the analytical solution of the unanchored tanks,
overturning moment-uplifting of bottom plates of the tanks were
extracted from diagrams given by Eurocode-8, part 4 [25] based on
data given by Scharf [26]. The equivalent rotational stiffness of bottom
plate, K ,θb for the three tanks calculated using the moment-uplift
diagrams are given in Table 5. Equivalent vertical spring stiffness of
bottom plate for models A, B and C were also evaluated using Eq. (19)
and are given in Table 5.

In unanchored tanks, due to the discontinuity in the boundary
conditions in contact between the bottom plate and foundation, their
modal analysis using F.E. presents a complex numerical problem.
Hence, here F.E. numerical analysis was carried out only on anchored
tanks. In Table 6, natural frequencies obtained from F.E. numerical
analysis for anchored tanks are given alongside the frequencies
obtained for both anchored and unanchored tanks using the proposed
analytical formulation. The following can be deduced from these
results:

i) The differences between analytical and numerical natural frequen-
cies for anchored tanks A, B and C are respectively 26%, 13.8% and
10%. This indicates that for anchored tanks with increasing H/D,
the accuracy of analytical solution to determine the natural
frequency increases. The relatively large difference in the short

Fig. 9. Finite element representation of (a) Tank A and (b) Tank C.

Table 1
Mechanical properties of the model tank [5].

Parameter Value

E (N/m2) 5.07×109

v 0.3
R (m) 6.35
L (m) 26.67
H1 (cm) 19.05
ts (cm) 0.0076
tb (cm) 0.0076
ρs (kg/m

3) 1.39×109

ρl (kg/m
3) 1000

Table 2
Comparing stiffness of equivalent rotational spring of wall shell, maximum uplift and
flexural stiffness of bottom plate for model I and IIb of Ref. [5].

Model kθw (N m/Rad.) wmax (m) D (N m)

Model I 2.26 0.0032 0.00008
Model IIb 6.11 0.001 0.000026

Table 3
Comparing analytical rocking frequency of model IIb with experimental result.

Case Frequency (Hz)

Experimental [5] 2.73
Analytical 2.56
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(squat) tank, A, stems from the simplification made to the first
mode in assuming the deformation of the shell to follow a flexural
cantilever beam model. Whereas, in the short tank, A, shear
deformations are more predominant than the flexural deforma-
tions.

ii) Based on analytical results, the natural frequencies of the unan-
chored tanks are all less than those of the corresponding anchored
tanks (between 6.8 and 8.3%). This is expected as the unanchored
tanks exhibit a more flexible response.

4. Parametric study of tanks dynamic response

In this section, the effect of varying liquid level on the natural and
rocking frequencies of the tanks with different geometrical aspect ratios
(models A–C), considered to be both anchored and unanchored, is
investigated.

4.1. Effect of liquid level on natural frequency

Natural frequencies of the anchored and unanchored tanks having

different levels of liquid obtained utilizing the proposed analytical
solution are recorded in Table 7. The first point to note is that with
increasing level of liquid (increased mass of liquid) the natural
frequency of the tank-liquid system reduces considerably. It can also
be seen that anchorage in the base of the tank has a more noticeable
effect on decreasing the natural frequency at liquid levels of 30–80%.

4.2. Effect of liquid level on rocking frequency

Rocking frequencies of the three tanks containing different levels of
liquid were also evaluated using the proposed analytical formulation.
Results of these evaluations are presented graphically in Fig. 10. A clear
trend can be noted in which by increasing liquid level, rocking

Table 4
Geometrical properties of tanks A, B and C.

Model ts (m) tb (m) H (m) HL (m) R (m) H/D

A 0.0102 0.0102 12.191 10.97 15.24 0.4
B 0.016 0.016 19.337 17.40 15.24 0.63
C 0.0214 0.0214 29.103 26.19 15.24 0.95

Table 5
Rotational and vertical stiffness of bottom plates.

Tank kθb (N m/Rad.) kw (N/m)

A 1.97×1011 2154
B 3.79×1011 5570
C 5.40×1011 19,894

Table 6
Natural frequency of the anchored and unanchored tanks.

Tank Base condition Natural frequency (Hz)

Analytical Numerical

A Anchored 3.71 5.08
Unanchored 3.40 –

B Anchored 3.81 4.42
Unanchored 3.55 –

C Anchored 3.849 3.46
Unanchored 3.56 –

Table 7
Natural frequencies of anchored and unanchored tanks with different liquid levels (Hz).

HL/H Tank A Tank B Tank C

Anchored Unanchored Anchored Unanchored Anchored Unanchored

0.0 17.96 17.96 17.96 17.96 17.96 17.96
0.1 17.96 17.92 17.96 17.92 17.96 17.92
0.2 17.93 17.41 17.93 17.39 17.93 17.31
0.3 17.69 15.58 17.68 15.49 17.64 15.23
0.4 16.58 12.51 16.53 12.39 16.39 12.05
0.5 13.90 9.43 13.83 9.34 13.60 9.09
0.6 10.35 7.05 10.32 7.03 10.15 6.90
0.7 7.29 5.38 7.33 5.41 7.26 5.36
0.8 5.14 4.21 5.22 4.29 5.22 4.29
0.9 3.71 3.39 3.82 3.49 3.85 3.52
1.0 2.77 2.80 2.88 2.91 2.93 2.96

Fig. 10. Rocking frequencies of anchored and unanchored tanks with different liquid
levels.

Table 8
Geometrical and mechanical parameters of tank A before and after scaling.

Parameter Before scaling After scaling

l (m) 12.13 1
R (m) 15.24 1.25
ρs (kg/m

3) 7850 14,010,449
ρl (kg/m

3) 1000 1,728,000
E (N/m2) 2×1011 294×1011

ts (cm) 0.0102 0.00084
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frequency decreases considerably. This is particularly true for the short
tank in which the rocking frequency of the empty tank is 9 folds higher

than the frequency of full tank.

4.3. Effect of rocking mode on the natural frequencies

As it may be noted in Eqs. (15)–(18), rocking would change natural
frequency of the tank under the effect of rocking angle and frequency
variations. To investigate the effect of rocking angle on the natural
frequency, six angles including 0, 0.2, 0.4, 0.6, 0.8 and 1.0 degrees were
chosen. Rocking angle was limited to one degree because greater angles
correspond to larger uplifts in the bottom plate which are not allowed
in design codes [25,27]. It should be noted that the height of the tank
models should be normalized to one, so it is compatible with the
normalized lateral mode shape in integration of Eq. (18). Geometrical
and mechanical parameters of tank A after scaling, based on the
Buckingham theory, are given in Table 8. Changing of natural
frequencies of tanks A–C during rocking for different rocking angles
and for liquid levels of 40% and 90% are plotted in Figs. 11 and 12,
respectively. These figures lead to the following observations:

1. At the onset of rocking, natural frequencies sharply decrease,
however, with the increase in rocking angle, the decrease in natural
frequencies follow a reduced slope.

2. At the start of rocking (rocking angle under one degrees), rocking
frequency and natural frequency become close for medium tank, B,
and slender tank, C. Proximity of the two frequencies results in
resonance which in turn amplifies the response.

5. Conclusions

An analytical approach was developed to evaluate the natural and
rocking frequencies of unanchored cylindrical steel tanks. In the
simplified mechanical model of the unanchored tank, bottom plate
was replaced with equivalent rotational and vertical springs. The
following conclusions may be drawn from the results and discussions
presented in this paper:

1. The analytical model and formulation presented was shown to be
able to predict both the fundamental frequency and rocking fre-
quency of an unanchored tank with acceptable accuracy.

2. Fundamental natural frequency of an unanchored tank is expectedly
less than the same tank being anchored at base. Depending on the
aspect ratio, reductions of up to 8% were noted in fluid-filled tanks.

3. It is noted that at the start of rocking, natural frequency of the tank
decreases considerably, such that at small rocking angles natural
frequency of the tank may approach its rocking frequency. This may
cause resonance and amplify the tank's response during earth-
quakes. Therefore, due attention should be given to this change in
natural frequency during rocking.

4. The proposed simplified mechanical model to determine rocking
frequency of steel tanks can be applied confidently in the current
design codes. Also, as the current design codes do not distinguish
between natural frequencies of anchored and unanchored tanks,
inclusion of relations for evaluating natural frequencies of unan-
chored tanks, as was outlined in this study, is essential.

Appendix A

Formulation of matrix arrays of equation of motion for two independent modes [5]:

A
ρ t R

ψ ψ=
2

< >ij
s s

i j (A-1)

B
ρ t R

ϕ ϕ=
2

< >ij
s s

i j (A-2)

Fig. 11. Natural frequencies of unanchored tanks A, B and C during rocking for different
rocking angles (40% liquid level).

Fig. 12. Natural frequencies of unanchored tanks A, B and C during rocking for different
rocking angles (90% liquid level).

M.R. Maheri et al. Thin–Walled Structures 109 (2016) 251–259

258

 

 

 



C
ρ t R

ϕ ϕ
C ρ R

ϕ ϕ=
2

< > +
2

< >ij
s s

i j
vn l

i j

2

(A-3)

D Et R
ν

ψ ψ ν n
R

ψ ψ
ρ g

n ψ ψ=
2(1− )

< ′ ′ > + 1−
2

< > +
2

{ < > }ij
s

i i i j
l

i j D2

2

2
2

(A-4)

⎧⎨⎩
⎫⎬⎭E Et R

ν
νn
R

ψ ϕ ν n
R

ψ ϕ=
2(1− )

< ′ > − (1− ) < ′ >ij
s

i j i j2 (A-5)

⎧⎨⎩
⎫⎬⎭F Et R

ν
νn
R

ψ ϕ=
2(1− )

− < ′ >ij
s

i j2 (A-6)

⎧⎨⎩
⎡
⎣⎢

⎤
⎦⎥

⎫⎬⎭G Et R
ν

n
R

ϕ ϕ ν ϕ ϕ t
R

n
R

ϕ ϕ ν ϕ ϕ
ρ g

n ϕ ϕ=
2(1 − )

< > + (1 − )
2

< ′ ′ > +
12

< > + 2(1 − ) < ′ ′> +
2

{ < > }ij
s

i j i j
s

i j i j
l

i j D2

2

2

2

2

2

2
2

(A-7)

⎧⎨⎩
⎡
⎣⎢

⎤
⎦⎥

⎫⎬⎭H Et R
ν

n
R

ϕ ϕ t
R

n
R

ϕ ϕ νn ϕ ϕ ν n ϕ ϕ=
2(1 − )

− < > +
12

− < > + < ″ ′> − 2(1 − ) < ′ ′ > }ij
s

i j
s

i j i j i j2 2

2

2

2

2 (A-8)

⎧⎨⎩
⎡
⎣⎢

⎤
⎦⎥

⎫⎬⎭I ϕ ϕ R ϕ ϕ ϕ ϕ νn ϕ ϕ ν n ϕ ϕ

n ϕ ϕ

= < > + < ″ ″ > + < > − 2 < ″ > + 2(1 − ) < ′ ′>

+ { < > }

ij
Et R

ν R i j
t
R i j

n
R i j i j i j

ρ g
i j D

2(1 − )
1

12
2 2 2

2
2

s s

l

2 2

2

2

4

2

(A-9)

References

[1] M.R. Maheri, R.T. Severn, Experimental added-mass in modal vibration of
cylindrical structures, Eng. Struct. 14 (3) (1992) 163–175.

[2] J.C. Virella, L.A. Godoy, L.E. Suarez, Fundamental modes of tank-liquid systems
under horizontal motions, Eng. Struct. 28 (2006) 1450–1461.

[3] M.S.H. Dehghan, M.R. Maheri, The effects of long-term corrosion on the dynamic
characteristics of ground based cylindrical liquid storage tanks, Thin Walled Struct.
48 (2010) 888–896.

[4] M. Moslemi, M.R. Kianoush, Parametric study on dynamic behavior of cylindrical
ground-supported tanks, Eng. Struct. 42 (2012) 214–230.

[5] C. Shih, Failure of Liquid Storage Tanks due to Earthquake Excitation (Ph.D.
thesis), California Institute of Technology, Pasaden, 1981.

[6] G.C. Manos, R.W. Clough, Further Study of the Earthquake Response of a Broad
Cylindrical Liquid-Storage Tank Model, Report no. UCB/EERC-82/07, Earthquake
Engineering Research Center, 1982

[7] D.C. Barton, J.V. Parker, Finite element analysis of the seismic response of
anchored and unanchored liquid storage tanks, Earthq. Eng. Struct. Dyn. 15 (1987)
299–322.

[8] K. Ishida, N. Kobayashi, An effective method of analyzing rocking motion for
unanchored cylindrical tanks including uplift, Am. Soc. Mech. Eng. 110 (1988)
475–478.

[9] F. Qu, Seismic Response of Unanchored Cylindrical Liquid-Tank Systems (M.Sc.
thesis in civil and environment engineering), Carleton university, Ottawa, Ontario,
Canada, 1997.

[10] S. Natsiavas, C.D. Babcock, Behavior of unanchored fluid-filled tanks subjected to
ground excitation, Am. Soc. Mech. Eng. 55 (1988) 654–660.

[11] S. Natsiavas, An analytical model for unanchored fluid-filled tanks under base
excitation, Am. Soc. Mech. Eng. 55 (1988) 648–654.

[12] D.T.LauX.ZengR.W.Clough, Dynamic uplift analysis of unanchored cylindrical
tanks, in: Proceedings of the 10th World Conference on Earthq. Eng., Balkeme,
Rotterdam, 1992, pp. 5011–5016.

[13] D.T. Lau, X. Zeng, Generation and use of simplified uplift shape function in

unanchored cylindrical tank, J. Press. Vessel Technol. 118–3 (1992) 278–286.
[14] F. Berhaman, F. Behnamfar, Probabilistic seismic demand model and fragility

estimates for critical failure modes of un-anchored steel storage tanks in petroleum
complexes, Probab. Eng. Mech. 24 (2009) 527–536.

[15] P.K. Malhotra, Base uplifting analysis of flexibly supported liquid-storage tanks,
Earthq. Eng. Struct. Dyn. 24 (1995) 1591–1607.

[16] M. Ahari, S. Eshghi, M. Ghafory-Ashtiany, The tapered beam model for bottom
plate uplift analysis of unanchored cylindrical steel storage tanks, Eng. Struct. 31
(2009) 623–632.

[17] A.S. Veletsos, Y. Tang, Rocking response of liquid storage tanks, Eng. Mech. 113
(1987) 1774–1792.

[18] Z. Ozdemira, M. Souli, Y.M. Fahjan, Application of nonlinear fluid-structure
interaction methods to seismic analysis of anchored and unanchored tanks, Eng.
Struct. 32 (2010) 409–423.

[19] I. Nachtigall, N. Gebbeken, J.L. Urrutia-Galicia, On the analysis of vertical circular
cylindrical tanks under earthquake excitation at its base, Eng. Struct. 25 (2003)
201–213.

[20] J.L. Hummar, Dynamic of Structures, 2nd ed., A.A. Balkema Publisher, Tokyo,
Japan, 2001.

[21] A.C. Ugural, Stresses in Plate and Shells, 2nd edition, Tom Casson Publisher
[22] M.R. Maheri, A. Abdollahi, The effects of long term uniform corrosion on the

buckling of ground based steel tanks under seismic loading, Thin Walled Struct. 62
(2013) 1–9.

[23] J.C. Virella, L.A. Godoy, L.E. Suarez, Dynamic buckling of anchored steel tanks
subjected to horizontal earthquake excitation, Constr. Steel Res. 62 (2006)
521–531.

[24] ANSYS GUI Help Manuals, ANSYS, Release 10
[25] Eurocode 8, Earthquake Resistant Design of Structures, Part 4: Tanks, Silos and

Pipelines, 1993.
[26] K. Scharf, Contribution to the Behaviour of Earthquake Excited Above-ground

Liquid Storage Tanks (Doctoral Thesis), Institute of Light Weight Structures Tech.
Univ. of Vienn B, Austria, 1989.

[27] American Petroleum Institute, API-650, Welded Steel Tanks for Oil Storage, 2007.

M.R. Maheri et al. Thin–Walled Structures 109 (2016) 251–259

259

 

 

 

http://refhub.elsevier.com/S0263-16)30392-sbref1
http://refhub.elsevier.com/S0263-16)30392-sbref1
http://refhub.elsevier.com/S0263-16)30392-sbref2
http://refhub.elsevier.com/S0263-16)30392-sbref2
http://refhub.elsevier.com/S0263-16)30392-sbref3
http://refhub.elsevier.com/S0263-16)30392-sbref3
http://refhub.elsevier.com/S0263-16)30392-sbref3
http://refhub.elsevier.com/S0263-16)30392-sbref4
http://refhub.elsevier.com/S0263-16)30392-sbref4
http://refhub.elsevier.com/S0263-16)30392-sbref5
http://refhub.elsevier.com/S0263-16)30392-sbref5
http://refhub.elsevier.com/S0263-16)30392-sbref6
http://refhub.elsevier.com/S0263-16)30392-sbref6
http://refhub.elsevier.com/S0263-16)30392-sbref6
http://refhub.elsevier.com/S0263-16)30392-sbref7
http://refhub.elsevier.com/S0263-16)30392-sbref7
http://refhub.elsevier.com/S0263-16)30392-sbref7
http://refhub.elsevier.com/S0263-16)30392-sbref8
http://refhub.elsevier.com/S0263-16)30392-sbref8
http://refhub.elsevier.com/S0263-16)30392-sbref8
http://refhub.elsevier.com/S0263-16)30392-sbref9
http://refhub.elsevier.com/S0263-16)30392-sbref9
http://refhub.elsevier.com/S0263-16)30392-sbref10
http://refhub.elsevier.com/S0263-16)30392-sbref10
http://refhub.elsevier.com/S0263-16)30392-sbref11
http://refhub.elsevier.com/S0263-16)30392-sbref11
http://refhub.elsevier.com/S0263-16)30392-sbref12
http://refhub.elsevier.com/S0263-16)30392-sbref12
http://refhub.elsevier.com/S0263-16)30392-sbref12
http://refhub.elsevier.com/S0263-16)30392-sbref13
http://refhub.elsevier.com/S0263-16)30392-sbref13
http://refhub.elsevier.com/S0263-16)30392-sbref14
http://refhub.elsevier.com/S0263-16)30392-sbref14
http://refhub.elsevier.com/S0263-16)30392-sbref14
http://refhub.elsevier.com/S0263-16)30392-sbref15
http://refhub.elsevier.com/S0263-16)30392-sbref15
http://refhub.elsevier.com/S0263-16)30392-sbref16
http://refhub.elsevier.com/S0263-16)30392-sbref16
http://refhub.elsevier.com/S0263-16)30392-sbref16
http://refhub.elsevier.com/S0263-16)30392-sbref17
http://refhub.elsevier.com/S0263-16)30392-sbref17
http://refhub.elsevier.com/S0263-16)30392-sbref17
http://refhub.elsevier.com/S0263-16)30392-sbref18
http://refhub.elsevier.com/S0263-16)30392-sbref18
http://refhub.elsevier.com/S0263-16)30392-sbref19
http://refhub.elsevier.com/S0263-16)30392-sbref19
http://refhub.elsevier.com/S0263-16)30392-sbref19
http://refhub.elsevier.com/S0263-16)30392-sbref20
http://refhub.elsevier.com/S0263-16)30392-sbref20
http://refhub.elsevier.com/S0263-16)30392-sbref20
http://refhub.elsevier.com/S0263-16)30392-sbref21
http://refhub.elsevier.com/S0263-16)30392-sbref21
http://refhub.elsevier.com/S0263-16)30392-sbref21

	Analytical evaluation of dynamic characteristics of unanchored circular ground-based steel tanks
	Introduction
	Proposed analytical method
	Natural frequencies
	Proposed three-mode eigen solution
	Effect of support flexibility on mode shapes

	Rocking frequency formulation
	Effect of the rocking mode on the tank natural frequencies

	Verification of the analytical solution
	Verification with experimental data
	Verification with numerical solutions

	Parametric study of tanks dynamic response
	Effect of liquid level on natural frequency
	Effect of liquid level on rocking frequency
	Effect of rocking mode on the natural frequencies

	Conclusions
	Appendix A
	References


