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a b s t r a c t

Cylindrical shells subjected to non-uniform wind pressure display different buckling behaviours from
those of cylinders under uniform external pressure. At different aspect ratios, quite varied and complex
buckling patterns occur: the results of linear and nonlinear buckling analysis can also be quite different.
By contrast, cylinders under uniform external pressure always experience circumferential buckling and
are little affected by changes in geometry, except in very short cylinders or changed boundary conditions.
This paper presents a wide-ranging study of anchored stocky and intermediate length cylindrical shells

of uniform thickness under wind pressure. Its aim is to produce useful information for the design of silos
and anchored tanks against buckling under wind. The finite element analyses indicate that both linear
and nonlinear analyses predict the circumferential compression buckling mode in stocky cylinders. For
intermediate cylinders, pre-buckling ovalization of the cross-section has an important influence on the
buckling strength. Empirical expressions are developed to relate the linear and nonlinear critical stagna-
tion pressures under wind to the classical critical value for uniform external pressure. The effects of yield-
ing and imperfection sensitivity are also briefly explored.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Thin-walled silos and tanks are in danger of buckling under
wind when they are empty or only partially filled. These cylindrical
shell structures display rather different buckling behaviours under
non-uniform wind pressure from that under uniform external
pressure. At different aspect ratios, quite varied and complex buck-
ling patterns occur, and the predictions from linear and nonlinear
buckling analyses can also be quite different. By contrast, cylinders
under uniform external pressure always experience circumferen-
tial buckling and are relatively little affected by changes in geom-
etry, except in very short cylinders or changed boundary
conditions. The aim of this paper is to develop useful information
for the practical design of silos and anchored tanks of all typical
geometries against buckling under wind loads.

Cylinders under uniform external pressure have been exten-
sively studied by many researchers and that literature is not re-
viewed here. The buckling of cylinders under wind has drawn
significant attention only in more recent decades. Resinger and
Greiner [1,2] produced design recommendations for the buckling
of wind-loaded tanks based on the results of wind tunnel tests.
They derived wind pressure distributions from their wind tunnel

tests for both fixed-roof and floating-roof tanks with different geo-
metric parameters. Ansourian [3] studied the elastic buckling of
cylindrical shells under both uniform and non-uniform external
pressure using the finite element method and found that his re-
sults agreed well with published analytical solutions for simpler
cases. He also investigated the effect of an upper boundary ring
stiffener on the buckling strength and deduced a criterion for the
critical stiffness of this ring to enforce shell buckling without the
ring’s participation. Greiner and Derler [4] investigated the imper-
fection sensitivity of wind-loaded cylinders using numerical anal-
yses, and examined several different imperfection shapes. They
concluded that stocky shells are most sensitive to pre-buckling
deformations in the form of the eigenmode, but longer shells are
more sensitive to local imperfections in the form of a rectangular
or ring shape. Later summaries put these studies into a wider con-
text [5,6]. Pircher [7] continued this work exploring the buckling of
medium-length cylinders under wind with a weld-induced axi-
symmetric imperfection. His focus was on the depth, shape and
location of the imperfection so it did not extend to explore the ef-
fects of different shell geometries and thicknesses. Jaca et al. [8]
used a lower bound approach to the buckling analysis of tanks sub-
jected to wind pressures based on a reduced energy model. They
showed that classical bifurcation buckling analyses provide an
upper bound to both experimental and nonlinear computational
results. Schneider and Zahlten [9] studied slender thicker cylinders
(h/r > 15 and r/t < 350) relevant to chimney design using materially
and geometrically nonlinear analyses under wind pressures, but
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these are outside the scope of this study. None of the above pro-
duced a design method to cover the full range of geometries found
in silos and anchored tanks.

The results of all these studies were known to the writers of the
European Recommendations on Shell Buckling [10] when they pro-
duced a chapter [11] on the design of silos and tanks against buck-
ling under wind loading. Although these recommendations give
one clear design method for stocky cylinders and another for slen-
der chimney-type cylinders, only a descriptive methodology is sug-
gested for the intermediate range. This paper aims to address this
shortcoming and to integrate the descriptions for stocky and inter-
mediate cylinders so that the design process results in smooth
changes between these categories.

In Chapter 12 of the European Recommendations on Shell Buck-
ling [11], five different stability failure modes are identified in
stocky, intermediate and slender cylinders respectively (Fig. 1). In
stocky cylinders, the radial inward pressure in the stagnation zone
induces compressive circumferential stresses that result in circum-
ferential buckling modes similar to those in cylinders under uni-
form external pressure (Fig. 1a). In intermediate cylinders
(Fig. 1b), the chief buckling mode is in the stagnation zone and is
caused by the interaction of circumferential compression and axial
compression generated by the external pressure, producing a
buckle near mid-height on the windward generator, with a signif-
icant influence of geometric nonlinearity [4,5]. Alternatively, a
shear buckle may form near the base (Fig. 1b). In slender cylinders
(Fig. 1c), buckling may be caused by axial compression as for inter-
mediate cylinders, or may occur by axial compression at approxi-
mately 90� from windward, or near the base of the shell in
classic beam bending. It is clear that the buckling behaviour of cyl-
inders under wind loading is quite complicated and involves many
different modes for different geometries.

Most studies of wind-loaded cylinders have focused on tanks or
silos of stocky shape (Fig. 1a) where the linear and nonlinear buck-
ling modes are very close. The equations for buckling under wind
given in ECCS EDR5 [10] are not differentiated in terms of the anal-
ysis used as their basis (linear or nonlinear). However, the philo-
sophical framework of the European standard EN 1993-1-6 [12]
indicates that the linear buckling pressure should be used as a ref-
erence measure to which the effects of geometric nonlinearity and
imperfection sensitivity should be added later, so that process is
followed here.

The boundary conditions of a shell can have a significant impact
on its buckling resistance under external pressure [10,12], with the
presence or absence of axial anchorage dominant in changing the
resistance. Practical tanks and silos are never axially restrained at
the top, so it is the base anchorage which is the key condition. As

was well established by Schnell [13], anchorage at the base in-
creases the buckling resistance under uniform external pressure
by precisely 25%, and this condition is relevant to anchored tanks
and effectively all silos. It is consequently the boundary condition
used in this study.

Greiner [4] and Pircher [7] both showed that the linear and non-
linear buckling modes can be quite different in intermediate and
long cylinders. Consequently, this paper explores the linear and
nonlinear buckling predictions separately to obtain a better under-
standing of the relationship between the two and of the distinct ef-
fects of geometric nonlinearity. The effects of plasticity and
imperfection sensitivity are also briefly presented. The analyses fo-
cus on silos and anchored tanks of practical geometry. Empirical
expressions are developed to relate the linear and nonlinear critical
stagnation pressures under wind to the classical critical value for
uniform external pressure.

2. Wind pressures on cylindrical shells

Wind tunnel tests performed by Macdonald in the late 1980s
[14,15] provided extensive quality wind data on silo structures
with a range of aspect ratios. Rotter [16] used this data to devise
a better pattern of wind pressures for a cylinder, which takes ac-
count of the changing circumferential pattern as the aspect ratio
varies. This description was adopted into EN 1993-4-1 Annex C
[17]. For an isolated cylinder with a closed roof, the circumferential
variation of the pressure (positive inward) may be expressed as
[17]:

CP ¼ �0:54þ 0:16ðdc=LÞ þ f0:28þ 0:04ðdc=LÞg cos hþ f1:04� 0:20ðdc=LÞg cos 2h
þf0:36� 0:05ðdc=LÞg cos 3h� f0:14� 0:05ðdc=LÞg cos 4h

ð1Þ

where h is the circumferential coordinate from windward, dc is the
diameter of the cylinder and L is the overall height of the complete
structure (the cylinders studied here are all ground-supported). For
cylinders with L/dc less than 0.50, the value of Cp for L/dc = 0.50
should be adopted [17].

Eq. (1) is the only known expression for the wind distribution
that considers the significant effect of the aspect ratio of the struc-
ture. This paper focuses on isolated cylinders, so Eq. (1) was
adopted throughout the study. As in most previous studies, the
wind pressure is assumed to be invariant up the height of the shell.
The circumferential variation of the wind pressure given by Eq. (1)
at different aspect ratios is shown in Fig. 2, where the strong effect
of aspect ratio is clear, especially in short cylinders. Clearly, slight
changes in the ratio of length L to radius rmay significantly change
the wind pressure distribution. However, for intermediate and
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Fig. 1. Buckling modes in cylinders of different aspect ratio under wind [10]. (a)
Stocky cylinder, (b) Intermediate cylinder, (c) slender cylinder.
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Fig. 2. Wind distribution coefficient around the circumference for cylindrical shells
with different L/r according to EN 1993-4-1 [17] (r/t = 500).
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slender cylinders, the wind distribution naturally changes little as
the length is increased.

3. Scope of the calculations

The buckling behavior of silos and anchored tanks of practical
geometry under wind pressure was studied using the finite ele-
ment program ABAQUS [18]. Silo aspect ratios are generally in
the range (0.5 < L/r < 8 with 200 < r/t < 1000) where t is the wall
thickness of any strake. Tanks are often squatter and thinner
(0.1 < L/r < 4 with 500 < r/t < 2000). Some geometries slightly out-
side the above ranges were also included here for completeness.
The shell was made of an elastic isotropic material with Young’s
modulus E = 2.0 � 105 MPa and Poisson’s ratio m = 0.3. However,
the results are all presented in a dimensionless form so that they
can be applied to any metal shell. In the calculations that included
material plasticity, an ideal elastic–plastic model was adopted with
von Mises criterion and a yield stress ry = 250 MPa. A ring stiffener
with sufficient flexural stiffness according to the rule in ECCS EDR5
[10] was used at the top boundary to limit the ovalization of the
cross-section under wind to 2% [19]. At the base, all translations
were restrained but the meridional rotation was left free. It may
be noted that many oil tanks are not axially restrained at the base,
and this study does not address this case. However, it may also be
noted that whenever the buckling mode does not extend to the
base in a stepped wall silo, the base of the buckle is effectively an-
chored [20]. The wind pressure pattern was characterised by Eq.
(1) with a unit value for the stagnation pressure qstag that was
deemed invariant with height.

4. Linear elastic bifurcation in cylinders under wind pressure

4.1. Introduction

In general, the result of a linear bifurcation analysis (LBA) can-
not be justified as a reliable strength assessment for a practical
shell structure because the true strength may be quite sensitive
to geometric nonlinearity and geometric imperfections, which
are both ignored in linear bifurcation analyses (LBA) [21]. However,
LBA analysis determines the elastic critical buckling resistance,
which is a key reference value for all shell buckling analyses, since
it gives the first estimate of the elastic buckling strength, is unique,
is always calculable when compressive stresses occur in the struc-
ture, and can usually be represented by a relatively simple equa-
tion following a parametric numerical study [21,22]. For these
reasons, it is adopted as the elastic reference failure strength in
EN 1993-1-6 [12] to be modified approximately to account for
the more complex effects of imperfections and plasticity.

4.2. Linear elastic buckling mode for cylinders with r/t = 200

The linear buckling behaviour under wind was investigated first
for cylinders with thickness r/t = 200 and lengths in the range
0.5 6 L/r 6 8. The linear buckling modes for different length to ra-
dius ratios are shown in Fig. 3.

When L/r is small, as shown in Fig. 3a–c for L/r = 0.5, 1 and 4
respectively, the linear buckling mode is similar to the classical
circumferential compression mode (Fig. 1a). When L/r increases
to L/r = 6 and 7 (Fig. 3d and e), the critical mode changes. As will
be described in detail in Section 4.4, compressive axial membrane
stresses are induced by the unsymmetrical pressure on the shell,
comparable with those found with other cases involving strips of
inward pressure on cylindrical shells [23]. This axial compression
produces a main long buckle on the windward meridian extending
over almost the whole height, accompanied by smaller fold-like

buckles towards the base. This buckling mode was not identified
in Fig. 1, taken from [10]. When L/r = 8 (Fig. 3f), the mode changes
to a local shear buckling mode with several small fold-like buckles
near the base of the side meridian (90�) extending over a limited
zone of the shell. The pre-buckling stress patterns are explained
in the context of these mode changes in Section 4.4.

4.3. Linear elastic buckling stagnation pressures for cylinders with
r/t=200

To introduce the linear bifurcation behaviour of shells of differ-
ent aspect ratios, analyses were first performed on cylinders with a
fixed radius to thickness ratio r/t = 200. The stagnation pressures at
buckling qcr,LBA were evaluated relative to the buckling uniform
pressure determined from Donnell theory for intermediate length
cylinders with simply-supported edges [24,25] and free to displace
axially at the end boundaries:

qcr;D ¼ 0:92E
t
r

� � ffiffiffiffi
rt

p

‘

� �
ð2Þ

in which ‘ is the half wave-height of the buckle, which is equal to
the whole height L for a cylinder of uniform thickness. The corre-
sponding finite element calculation for uniform external pressure
was also performed for comparison purposes, and these show the
differences between the true uniform buckling pressure and the ref-
erence Donnell value.

The buckling pressure ratios qcr,LBA/qcr,D are shown for both uni-
form external pressure and wind in Fig. 4, where the wind pressure
distribution is characterised by the stagnation value. The restraint
of axial displacements at the base accounts for a notional 25% in-
crease in the buckling pressure under uniform external pressure
[10,12,13], and is clearly visible at larger L/r ratios. The wind stag-
nation pressure at buckling is generally much larger than the uni-
form external pressure value.

(a) 5.0/ =rL

(b) 1/ =rL

(c) 4/ =rL

(d) 6/ =rL (e) 7/ =rL (f) 8/ =rL

Fig. 3. Linear critical buckling modes for cylinders under wind pressure with
changing length to radius ratios (r/t = 200).
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Under uniform external pressure, the relationship between crit-
ical pressure and length has several cusps, which correspond to
progressive changes in the buckling wave number around the
circumference (Fig. 4). These cusp points are identified in terms
of the dimensionless parameter X, which is defined later, but is
marked here so that a connection can be made with the later
description. By contrast, under wind pressure, the dimensionless
stagnation buckling pressure ratio qcr,LBA/qcr,D increases smoothly
with increasing L/r in the range 0.5 6 L/r 6 6 but decreases again
beyond L/r = 6 as the pre-buckling stress distribution and resulting
linear buckling mode changes. These changes are described below.

4.4. Membrane stress distribution derived from linear elastic analysis

To understand the changes in buckling strength under wind, it
is useful to examine membrane stress distributions at the critical
stagnation pressure. The linear critical pressure distribution de-
rived from each linear bifurcation analysis (LBA) was applied to
each shell. The distributions of circumferential and axial mem-
brane stress (tensile positive) up the windward generator are
shown in Figs 5 and 6 and that of the axial membrane stress
around the base in Fig. 7. The circumferential membrane stress
was made dimensionless using the Donnell value rcr,D = (r/t)qcr,D
and the axial stress relative to the classical elastic critical stress
for a uniformly compressed cylinder [10]. The vertical coordinate
x is normalized by the cylinder height as x/L with x = 0 at the
base.

When the cylinder is short (L/r = 1), the compressive axial
membrane stress on the windward meridian is tiny (Fig. 6), but
the circumferential membrane stress is nearly double that for
uniform external pressure (Fig. 5) because of the circumferential
pressure variation within the buckle (cf. Fig. 4). The result is a
circumferential buckle (Fig. 3b). The compressive axial mem-
brane stress near the base at 80� from windward (Fig. 7) is far
smaller than the classical value and the boundary restraint pre-
vents buckling.

At larger values of L/r (3 6 L/r 6 6), compressive axial mem-
brane stresses grow significantly in the upper half of the cylinder
with a peak around x/L = 0.62 (Fig. 6), but the stagnation circumfer-
ential membrane stress on the windward generator still rises (Figs
4 and 5) as the critical buckle grows in size (Fig. 3c) and encom-
passes more of the circumferentially reducing pressure pattern
(Fig. 2). But at greater aspect ratios (L/rP 6), the axial membrane
stresses at around x/L = 0.62 (Fig. 6) begin to play a very strong
role, and the growing values around h = 80� at the base begin to
change the buckle form (Fig. 3d–f), both leading to reduced critical
stagnation pressures (Fig. 4). This phenomenon was previously
noted by Resinger and Greiner [2].

The dimensionless radial displacement on the windward gener-
ator under the corresponding linear critical buckling stagnation
pressure qcr,LBA is shown in Fig. 8, with inward displacements posi-
tive. At the top, the upper boundary translates as a rigid body, with
values that naturally grow as the length increases. However, the
pattern of these shell displacements is nothing like a cantilever be-
cause local shell deformations totally dominate. In cylinders with
L/rP 3, the maximum radial displacement occurs at around
x/L = 0.62, which is the same as the location of the maximum com-
pressive axial membrane stress (Fig. 6). It is later seen that these
large pre-buckling deformations influence the nonlinear buckling
mode and pressure significantly.
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4.5. Relationship of the linear elastic buckling pressures for cylinders
under wind pressure and uniform external pressure

It is natural to try to relate the linear buckling wind stagnation
pressure to that under uniform pressure [1,2,10,12]. Here, the crit-
ical value under uniform external pressure is written qu,LBA and that
for the wind stagnation pressure as qw,LBA. The relationship be-
tween the buckling pressure ratio qw,LBA/qu,LBA and the shell length
parameter X is shown in Fig. 9 for four values of the radius to
thickness ratio r/t. The curves for different values of r/t are very
similar if the length is described in terms of the dimensionless
parameter X:

X ¼ ðL=rÞðt=rÞ1=2 ð3Þ

The uniform external buckling pressures qu,LBA in Fig. 9 were
determined from finite element calculations and are similar to
those defined by the algebraic expressions in EN 1993-1-6 [12]
but exceed them by between �1% and +8%. These discrepancies
are attributable to the requirement that design standards present
conservative estimates that ignore the cusping associated with
changes in the buckling mode.

The value of qw,LBA/qu,LBA in Fig. 9 is always larger than unity,
indicating that the stagnation pressure at buckling is always great-
er than the uniform external pressure buckling value. When the
shell is very short, this ratio is close to unity, because the half
wavelength of a buckle in the stagnation zone is very short and
the pressure is almost uniform within each buckle, so the response
on the windward generator is similar to that for uniform external
pressure. This effect was noted by Brendel et al. [26].

As the size of the critical uniform pressure buckle grows with
increasing aspect ratio, the wind pressure varies more significantly
within it, causing a steady increase in qw,LBA/qu,LBA until a maximum

value around 1.70 is reached at X = 0.4. Beyond this maximum
(Fig. 9), the value of qw,LBA/qu,LBA steadily decreases with a further
increase of X, due to the significantly increasing axial membrane
stress, as noted above.

The chief difficulty in relating the wind buckling pressure to the
uniform external buckling pressure is shown clearly when compar-
ing Figs 4 and 9. Under wind, the buckling pressure varies
smoothly with cylinder length (Fig. 4), but cusping occurs under
uniform external pressure, so that a neat empirical relationship
to capture the data in Fig. 9 must always be conservative and loses
accuracy. If instead, the data in Fig. 9 is shown relative to the Don-
nell pressure (Eq. (2)), the result of Fig. 10 emerges, where the two
phases of behaviour under wind become quite distinct.

The curves for all radius to thickness ratios now all fall in much
the same place, with the thicker r/t = 200 line some 4–5% above the
rest for X < 0.4 and 12% above at larger X.

Approximate expressions can now be chosen to represent both
the rising part (stocky cylinders) and the falling part (intermediate
cylinders) of the curves in Fig. 10. The rising part is closely repre-
sented by

qw;LBA=qcr;D ¼ 0:83þ 1:64X0:23 X 6 0:40 ð4Þ

and the falling part by

qw;LBA=qcr;D ¼ 0:55þ 0:705X�0:9 0:40 < X � 1:4 ð5Þ

with the new boundary between stocky and intermediate lengths
identified by X = 0.40 at which point these two expressions match.
Eq. (5) has been verified for values of X to 1.40, beyond which the
value of qw,LBA/qcr,D reaches a plateau at a value of 1.07.

Eqs. (4) and (5) fit the accurate numerical predictions very well,
providing lower bounds to calculations (Fig. 10) for all practical r/t
ratios. For all but the thicker cylinders (r/t = 200), Eq. (4) slightly
underestimates the precise values (<3%), whilst the accuracy of
Eq. (5) depends more on r/t, but is closer than 3% for r/tP 1000.

Eq. (4) is valid for stocky cylinders with lengths in the range
0 <X 6 0.40, for which the circumferential compression buckling
mode is critical. The upper limit of X = 0.40 corresponds to differ-
ent values of L/r for different values of r/t as shown in Fig. 11. A
comparison of this limit with typical geometries of silos, tanks,
chimneys and wind generator towers shows that most silos and
tanks are covered by Eq. (4) whilst most chimneys are not.

5. Geometrically nonlinear analysis of cylinders under wind
pressure

5.1. Introduction

Two types of buckling occur in shells [10]: bifurcation or snap-
through buckling. The LBA prediction covers only bifurcation
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buckling with no change of geometry [10]. For cylinders under
uniform external pressure, the load–deflection curves for geomet-
rically nonlinear analysis are close to linear in the pre-buckling
range, the pre-buckling deformations are small and have only a
small influence on the buckling behaviour, which cause the critical
buckling pressure under LBA and GNA analyses to be very similar
[27,28]. However, geometric nonlinearity can be significant for
some cylinders under wind loading [3–7,9,19]. Large deformations
can change both the pre-buckling stress distribution and the sus-
ceptibility of the modified geometry to buckling. The nonlinear
buckling pressure can consequently be much smaller than the
linear critical pressure. The nonlinear buckling mode may also be
quite different from the linear buckling mode. Thus geometrically
nonlinear analysis (GNA) is needed to obtain satisfactory buckling
strength predictions for cylinders under wind pressure.

5.2. Geometrically nonlinear analysis for cylinders with r/t = 200

The nonlinear buckling behaviour for wind-loaded cylinders
with lengths in the range 0.5 6 L/r 6 8 is here initially described
for a fixed r/t = 200. Using the maximum radial displacement up
the windward generator to characterise the deformations, the non-
linear stagnation pressure–displacement curves are shown in
Fig. 12 for a few sample geometries. The stagnation pressure was
normalized by the linear critical value qw,LBA for each case.

For stocky cylinders with L/r 6 3, snap-through buckling occurs
and a bifurcation point appears just after this limit load has been
reached. Pre-buckling deformations are small before the limit load
is reached. The nonlinear buckling pressure is close to the linear
elastic critical pressure, indicating that geometric nonlinearity
has little effect on the buckling strength, as for uniform external
pressure. The nonlinear mode is the circumferential compression
buckling mode as shown in Fig. 13a and b for L/r = 1 and L/r = 3.

After the limit point, the outward radial displacement increases
under decreasing load.

For cylinders of higher aspect ratio, the load–displacement
curves display rather different behaviours depending on the
specific value of L/r. When L/r = 3.5 or 4, the radial inward deforma-
tions remain quite small and the curves are quite linear until
shortly before the limit point. This buckle has a long wavelength
axially and occurs over a large zone in the upper part of the wind-
ward meridian, caused by the interaction of axial compression and
circumferential compression (the nonlinear buckling mode at the
limit point in Fig. 13c and d). The snap-through buckling pressure
ratio qw,GNA/qw,LBA falls steadily as L/r increases, where qw,GNA is the
nonlinear buckling stagnation pressure under wind.

After snap-through, the pressure decreases quickly, with accel-
erated inward radial deformation until a bifurcation occurs, lead-
ing to a more dramatic fall in strength and decreasing radial
displacements under decreasing pressures. The bifurcation pro-
duces a local short wavelength buckle with a maximum inward
displacement at about x/L = 0.62 (bifurcation buckling mode in
Fig. 13d). The location of this bifurcation buckle corresponds to
the linear analysis maximum compressive axial membrane stress
(Fig. 6). This local bifurcation buckle is caused by a significant
pre-buckling flattening of the shell coupling with these axial stres-
ses. Similar small bifurcation buckles in considerably deformed
shells under non-symmetric loads can be seen in studies of other
load cases [29,30].

As the cylinder length increases further (L/r > 4), the pre-buck-
ling path become more nonlinear (Fig. 12), with stronger pre-buck-
ling flattening on the windward generator, leading to a more
significant reduction in the axial buckling resistance. Bifurcation
with a more dramatic post-buckling fall follows the limit point.

If the cylinder is long enough (L/rP 6), bifurcation precedes the
snap-through (Figs. 12 and 13f). For these cylinders, bifurcation
involving small wavelength axial buckles controls the strength
and the nonlinear buckling pressure is much lower than the linear
critical pressure.

5.3. Comparison of the linear critical and nonlinear buckling pressures
for cylinders under wind pressure

The effect of geometrically nonlinearity under wind is best seen
by examining the ratio of the geometrically nonlinear wind buck-
ling pressure qw,GNA to the linear bifurcation wind pressure qw,LBA.
The ratio of these pressures qw,GNA/qw,LBA is plotted against a new
length parameter n (Eq. (6)) for cylinders with different radius to
thickness ratios in Fig. 14. The curves for different values of r/t
can be seen to be very similar if the length is described in terms
of the alternative dimensionless length parameter n:

n ¼ ðL=rÞðt=rÞ4=7 ð6Þ

For stocky cylinders with lengths in the range 0 < n 6 0.16, the
value of qw,GNA/qw,LBA is stable and close to unity. For intermediate
cylinders (0.16 < n 6 0.34), pre-buckling deformations quite
abruptly have a detrimental effect on the buckling strength, caus-
ing a considerable reduction in the buckling pressure for relatively
small changes in geometry. The reduction grows as the length in-
creases further but finally stabilizes towards an asymptotic value
of 0.53. For thinner cylinders, the asymptotic value may be slightly
higher than 0.53 (�5% higher for r/t = 500 and �10% higher for
r/t = 1000).

The relationship between the buckling pressure ratio qw,GNA/
qw,LBA and the length parameter n in the range 0.161 < n 6 0.344
can be closely empirically approximated by:

qw;GNA=qw;LBA ¼ 0:1
2:12n0:06 � 1:8

ð7Þ

0
2
4
6
8

10
12
14
16
18
20

0 200 400 600 800 1000 1200 1400 1600 1800 2000
Radius to thickness ratio r / t

Le
ng

th
 to

 ra
di

us
 ra

tio
 L

 / 
r

Silos and tanks

Chimneys and 
wind turbine towers

Eq. 4 applies

Eq. 5 applies

Ω=0.40 

Ω=1.40 

Fig. 11. Limits of validity of Eqs. (4) and (5) for different r/t based on LBA analyses.

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

-5 0 5 10 15 20 25
Radial displacement / thickness

Lo
ad

 / 
lin

ea
r c

rit
ic

al
 lo

ad
 q

/q
w

, L
B

A

L/r = 1
L/r = 2
L/r = 3
L/r = 3.5
L/r = 4
L/r = 5
L/r = 6
L/r = 8

Fig. 12. Maximum radial displacement on the windward meridian (r/t = 200).

204 L. Chen, J.M. Rotter / Engineering Structures 41 (2012) 199–208 
 

 



The dashed line representing Eq. (7) in Fig. 14 fits the numerical
results for different values of r/t very well. The relationship be-
tween the geometrically nonlinear buckling strength and the linear
bifurcation value can thus be captured well with three domains,
two with the fixed ratios qw,GNA/qw,LBA = 1.0 and 0.53, and the inter-
vening zone covered by Eq. (7).

It is interesting to note that the boundaries between different
behaviours in the linear bifurcation analysis and those that trans-
form the linear to the nonlinear result are different and depend
on different dimensionless length parameters (albeit similar). As
a result, it is probably not a good idea to try to produce a design
method that achieves the geometrically nonlinear analysis out-
come in a single step. Instead it seems better to separate these
two aspects, as is done in EN 1993-1-6 [12].

Since there are different boundaries for the categories of stocky,
intermediate and slender cylinders in Figs. 10 and 14, it is useful to
re-draw Fig. 11 with this fuller set of information. The result is
shown in Fig. 15 where the boundaries of L/r and r/t values be-
tween stocky, intermediate and slender cylinders based on GNA
analyses are contrasted with those for LBA analyses. It is clear that
the class of stocky cylinders becomes more restricted when geo-
metrically nonlinear effects are included.

6. Geometrically and materially nonlinear analysis

In some shell structures, the buckling behaviour can change
dramatically when a relatively small region begins to yield [31].
For thin cylinders under wind pressure, plasticity only affects the
buckling strength of comparatively thick cylinders, and these
may not be very susceptible to buckling anyway. The relationship
between the buckling pressure ratio under potentially plastic con-
ditions qw,GMNA/qw,LBA, together with that for elastic behaviour
qw,GNA/qw,LBA, is shown in Fig. 16 for two values of radius to thick-
ness ratio.

A comparison of these two analyses gives a direct measure of
the global effect of plasticity. For thinner cylinders with r/t = 500,
the analysis including plasticity (GMNA) and the elastic analysis
(GNA) are identical for all values ofX (Fig. 16), indicating that plas-
ticity has no macroscopic effect on the buckling behaviour.

In the thicker cylinders with r/t = 200, plasticity reduces the
buckling strength (Fig. 16) as yield occurs in different places
depending on the value of L/r. In stocky cylinders, a zone near
the base away from the windward (Fig. 17a–c) locally yields under
high membrane stresses (Figs. 6 and 7). At greater lengths
(Fig. 17d–f), yielding at the base of the windward generator occurs
under axial tensile membrane stresses before buckling.

(a) 1/ =rL (b) 3/ =rL (at the first 
instability point)

(at bifurcation)

(c) 5.3/ =rL

(at the first instability point) (at bifurcation) (e) 6/ =rL (f ) 8/ =rL
(d) 4/ =rL

Fig. 13. Nonlinear buckling modes for cylinders under wind pressure (r/t = 200).
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It may be concluded that plasticity does not play a significant
role in the wind buckling behaviour of cylinders with r/tP 500,
but is clearly important in chimneys and wind turbine towers
[9,19,32].

7. The effect of geometric imperfections

7.1. The pattern and amplitude of assumed geometric imperfections

Whilst shells are notoriously sensitive to minor geometric
imperfections, the loss of buckling strength under external pres-
sure is often less significant than for other conditions [28]. Under
wind loading, the localisation of the stresses suggests that this sen-
sitivity may be even less [33]. This was found by Greiner and Derler
[4] in short cylinders which were most sensitive to eigenmode
imperfections and by Pircher [7] who found that a weld depression
is the most detrimental at intermediate lengths. Given the com-
plexity of behaviour in different regimes identified above, and
the large range of potential imperfection forms to be examined
[12], this paper presents only a small sample that explores eigen-
mode and nonlinear incremental buckling mode imperfections in
cylinders with r/t = 500. The nonlinear incremental mode is found
by comparing two adjacent displaced shapes at the point of insta-
bility (whether limit point or bifurcation) in a geometrically non-
linear analysis.

A reference imperfection amplitude was determined according
to the rules in EN 1993-1-6 [12] and ECCS EDR5 [10] for dimple tol-
erances based on gauge measurements. The dimple amplitude
Dw0h; is assessed in terms of the dimple parameter U0h given by

U0h ¼ Dw0h=‘gh ð8Þ

where gauge length ‘gh is given by [10,12]:

‘gh ¼ 2:3ð‘=rÞ1=2ðt=rÞ1=4r; but ‘gh 6 r ð9Þ

The measured value of U0h should meet U0h 6 U0,max, where
U0,max is the dimple tolerance parameter for a chosen fabrication
tolerance quality class. The reference value was chosen here to take
the value U0h = U0,max = 0.01 corresponding to ‘‘High’’ quality.

7.2. Buckling strength predictions (r/t = 500)

Load–deflection curves for stocky cylinders (L/r = 3) with eigen-
mode imperfections are shown in Fig. 18 using a range of imperfec-
tion amplitudes relative to the reference value Dw0h derived from
Eqs. (8) and (9). At low amplitudes, a limit load is passed, followed
by a bifurcation, leading to a clear definition of strength. However,
above 80% of the reference value, the limit load disappears and
failure is difficult to define, except as an inflection point on the
curve, as suggested by Yamaki [28].

The corresponding information for an intermediate length
(L/r = 7) with an imperfection in the nonlinear incremental mode
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Fig. 17. Zones of plasticity at the nonlinear buckling pressure for cylinders with different L/r under wind pressure (r/t = 200).
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is shown in Fig. 19. The limit load is now sustained at large ampli-
tude imperfections and is followed by a stronger bifurcation with
abrupt loss of strength.

Imperfection sensitivity curves derived from these two figures,
representing the fall in strength below the geometrically nonlinear
value for the perfect structure, are shown in Fig. 20, where the
stocky cylinder (cf. Fig. 15) with L/r = 3 has linear eigenmode
imperfections whilst the intermediate cylinder (cf. Fig. 15) with
L/r = 7 has nonlinear incremental imperfections.

The simplicity of these curves makes them easy to represent
with functions previously used for buckling under axial compres-
sion [34,35] in the form

aimp ¼
qwGNIA

qwGNA
¼ 1

1þ aðDw=Dwh0Þb
ð10Þ

which permits a range of curves to be simply captured. Here, b = 1
represents both curves well, with a = 0.963 and 0.716 for L/r = 3
and 7 respectively as shown by the dashed lines in Fig. 20. This form
of curve permits the different fabrication qualities of EN 1993-1-6
[12] to be addressed. The only additional information required to
generalise this concept is the calibrating magnitude of the imperfect
buckling pressure for the reference imperfection magnitude for dif-
ferent conditions. A sample of such results is shown in Fig. 21, pre-
senting the strength ratio qw,GNIA/qw,GNA which indicates the
reduction in strength caused by imperfections below the geometri-
cally nonlinear value shown in Fig. 14. The result indicates that
imperfections play a stronger role in stocky cylinders than in inter-
mediate cylinders, but a fuller exploration of the problem is re-
quired to complete this description.

A more comprehensive exploration of the imperfection sensitiv-
ity variation with the geometric parameters is beyond the scope of
this paper, but the above lays the foundations for a complete
description of the imperfect buckling strength of wind loaded
cylinders.

8. Conclusions

The complex buckling behaviour of silos and anchored tanks of
practical geometry under wind pressure has been studied in this
paper. Both the linear (LBA) and nonlinear (GNA) buckling behav-
iour were explored for a wide range of the geometric parameters.

The categories of stocky, intermediate and slender cylinders
have been redefined, and it has been shown that different dimen-
sionless length parameters control the linear buckling and nonlin-
ear buckling strengths. It has also been shown that the concept of
relating the wind buckling stagnation pressure to the uniform
external buckling pressure is only useful if the simple Donnell the-
ory reference pressure is used.

Expressions usable in design calculations have been developed
which permit a comprehensive and accurate treatment of wind
buckling through the linear bifurcation pressure and the effects
of geometric nonlinearity on the perfect structure. The effects of
geometric imperfections of different amplitudes and forms, to-
gether with those of plasticity have been investigated. Plasticity
evidently has no macroscopic effect on the buckling strength in
cylinders with r/tP 500, but is detrimental in thicker cylinders.
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