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a b s t r a c t

Liquid-storage tanks with circular cross sections are commonly built with a combined vessel consisting

of a truncated cone and a superimposed top cylindrical cap. Unlike cylindrical tanks, combined tanks

are characterized by the inclination of the walls of the conical segment. As a result, compressive

meridional stresses are induced in the shell by the hydrostatic pressure of the contained fluid and the

hydrodynamic pressure associated with vertical ground excitation. The current paper aims at

identifying the dynamic characteristics of liquid-filled combined tanks subjected to vertical ground

excitation. Numerical analysis is conducted based on a coupled finite-boundary element formulation

that accounts for the associated fluid–structure interaction. An equivalent model is developed to

duplicate forces induced in liquid-filled combined vessels subjected to vertical base excitation.

The proposed model accounts for the flexibility of the vessel walls. Meanwhile, the contained fluid is

idealized as rigid and flexible components. The proposed equivalent model provides a simplified tool to

predict seismically-induced forces in liquid-filled vessels subjected to vertical earthquake excitation.

& 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Storage tanks exist in large numbers in various places around
the globe. A common use of such non-building structures is for
storage of water, oil and chemicals. The geometry of containment
vessels with circular cross sections may be classified as:
(1)
 Vessels consisting of pure cylindrical shells which are referred
as ‘‘cylindrical tanks’’.
(2)
 Vessels constructed from tapered cones which are denoted as
‘‘conical tanks’’.
(3)
 Vessels consisting of truncated cones with superimposed top
cylindrical caps as shown in Fig. 1. Due to the combined
conical–cylindrical geometry of this configuration, it is always
referred to as ‘‘combined tanks’’.
During an earthquake event, the loss of function of critical
infrastructure systems, such as tanks that contain water and
hazardous chemicals represents significant risk to life and
increases the scale of economic loss. Safety of water tanks during
earthquakes is crucial for extinguishing fires that usually occur
during such events. Besides, severe environmental impairment
and pollution can result from damaged petroleum and chemical-
storage tanks. Studies of pre-recorded seismic data indicate that
ll rights reserved.
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the amplitude of the vertical component of ground excitation
might surpass the maximum amplitude of the horizontal
component particularly near the epicenter of the earthquake [1].
Besides, the impact of the vertical earthquake component on the
response of special structures with relatively low vertical stiffness,
such as liquid-storage tanks and suspension bridges, can be
significant.

A limited number of studies are available in the literature for
the seismic behavior of combined tanks. Such studies focused on
the antisymmetric response of combined tanks due to lateral base
excitation. The first investigation related to the dynamic behavior
of combined tanks was conducted by Sweedan and El Damatty [2]
to identify the dynamic response of empty and liquid-filled
combined shells under lateral base excitation using shake table
testing of scaled tank models. The experimental findings validated
the assumption of de-coupling between the long-period funda-
mental sloshing oscillation and the structural response of the
shell. The characteristics of the antisymmetric lateral modes of
empty and liquid-filled combined vessels were identified experi-
mentally and numerically in later studies by El Damatty et al.
[3,4]. Information regarding the response of combined tanks to
vertical excitation is not yet available.

On the other hand, research studies related to seismic behavior
of cylindrical vessels are quite intensive. An extensive literature
survey summarizing these studies is reported by Cho et al. [5].
Vertical acceleration acting on a cylindrical liquid-filled tank
results in an axisymmetric distribution of hydrodynamic pressure

www.sciencedirect.com/science/journal/twst
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Fig. 1. A photo of an elevated liquid-storage combined tank.
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that leads to the development of hoop stresses. As a result of
the vertical alignment of cylindrical vessels, no axial stresses
are developed in the walls when subjected to vertical excitation.
The impact of the flexibility of the walls of cylindrical tanks on
magnifying the hydrodynamic pressure induced by vertical
excitation was first reported by Veletsos and Yang [6]. In 1984,
Veletsos and Kumar [7] developed a simplified procedure to
evaluate the effect of vertical shaking on liquid-storage cylindrical
tanks. Haroun and Tayel [8,9] investigated the impact of the
vertical component of a ground excitation on the response of
cylindrical tanks. A design procedure for evaluating the response
of fixed and partly fixed cylindrical tanks to vertical excitation was
proposed by Veletsos and Tang [10]. In case of conical and
combined tanks, the inclination of the walls complicates the state
of stresses developed in the vessel. The axisymmetric hydrostatic
pressure results in both tensile hoop stresses and compressive
meridional stresses acting on the inclined walls of the contain-
ment vessel [11]. Vertical ground acceleration acting on a conical
or combined liquid-filled tank results in an axisymmetric
distribution of hydrodynamic pressure. A critical state of stresses
is reached when the dynamically induced stresses magnify those
stresses resulting from the hydrostatic pressure. Sweedan [12] and
Sweedan and El Damatty [13] studied the dynamic behavior of
pure conical vessels subjected to vertical excitation. The investi-
gation revealed that inclusion of the response to vertical
excitation results in substantial increase in the compressive
meridional stresses developed in the vessel walls.
The design specifications provided by the American Water
Works Association (AWWA D100) [14] adopt a detailed design
procedure for cylindrical tanks subjected to vertical ground
excitation. However, no direct guidelines are provided for seismic
design of combined tanks where the specifications suggest
approximating the combined vessel geometry with a simple
cylinder with an equivalent volume. The major drawback of this
approximation is being unable to predict the meridional com-
pressive stresses resulting from the effect of the hydrodynamic
pressure on the inclined walls of vertically-excited combined
tanks.

The current paper is motivated by the lack of information
regarding the seismic design and behavior of combined tanks. To
the best of the author’s knowledge, this study represents the first
investigation on the response of combined tanks to vertical
ground excitation. The study aims at developing a simplified
mechanical model that duplicates the seismic forces associated
with the hydrodynamic pressure developing inside combined
vessels when subjected to vertical earthquake excitation. In the
proposed mechanical model, the contained fluid is simulated
using two mass components: a rigid mass oscillating in synchron-
ism with the tank’s base vibration and a flexible mass associated
with the vibration of the tank’s walls. The flexibility of the walls of
the vessel is modeled as a linear spring connecting the flexible
mass component to the rigid base. A coupled finite-boundary
element model is employed to simulate the liquid-shell con-
tinuum and the associated fluid–structure interaction phenom-
enon. Parametric analyses are conducted to assess the natural
frequency of the axisymmetric mode of vibration of liquid-filled
combined vessels. Modal analysis is also performed to identify the
contribution of the contained fluid mass to the impulsive
responsive. Charts are developed for the variation of the
equivalent fluid masses with wide spectrum of geometric
parameters of combined vessels.
2. Fluid–structure interaction and governing equations

The vertical component of earthquake excitation affects a
liquid-filled combined tank in the form of vertical base accelera-
tion, G̈V(t) along the Z-axis as depicted by Fig. 2a. Research studies
related to circular tanks with cylindrical or conical geometry have
shown that natural vibrations along the vertical axis of the tank
are associated with the development of axisymmetric hydro-
dynamic pressure inside the vessel. This pressure can be
decomposed into two main components; namely the impulsive
component and the sloshing component. The impulsive compo-
nent varies in synchronism with the vibration of the walls
of the containment vessel and is significantly influenced by the
flexibility of the walls of the vessel [6]. On the other hand, the
low-frequency sloshing component results from the oscillation of
the free surface of the contained liquid. This results in free surface
waves with a period of oscillation that is much longer than the
fundamental period of the liquid-filled structure. As such, de-
coupling between the tank’s vibration and the liquid sloshing
motion is a common assumption to simplify the analysis of such
structures. In the current study, the contained liquid is assumed to
be incompressible, inviscid and irrotational. Thus, the impulsive
hydrodynamic pressure, pd, developing inside the vessel is
governed by Laplace’s differential equation

r2pdðr; z; tÞ ¼ 0 (1)

As a result of the flexibility of the vessel walls, the hydro-
dynamic pressure resulting from the vibration of the fluid
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Fig. 2. Hydrodynamic pressure components and static fluid masses. (a) axisymmetric impulsive hydrodynamic pressure components and (b) schematic of the two static

mass components of the contained fluid.
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adjacent to the walls can be expressed as [12]

@pd

@n
¼ �rF

€uðr; z; tÞ � n

along the side walls of the vessels ðS1Þ as shown in Fig:2a (2)

where rF is the mass density of the contained fluid, €uðr; z; tÞ is the
acceleration of the vessel walls, n is the unit vector perpendicular
to the shell surface. Eq. (2) reveals the correlation between
the impulsive hydrodynamic pressure, pd, and the accelera-
tion response of the shell, €uðr; z; tÞ. This correlation leads to the
fluid–structure interaction phenomenon that governs the
dynamic response of liquid-storage structures. The hydrodynamic
pressure developed at the base of the vessel results from the
acceleration G̈V(t) acting at the base level

@pd

@n
¼ �rF

€GV ðtÞ � n at the base of the vessel ðS2Þ (3)
As it was alluded to in the previous section, the sloshing
oscillation of the fluid free surface is excited at a much lower
frequency than the natural axisymmetric frequency of the liquid-
filled structure. As such, the sloshing motion can be decoupled
from the shell vibrations and the following boundary condition
can be applied

pd ¼ 0 along the free surface of the contained fluid ðS3Þ (4)

The liquid–shell continuum is modeled using an extended
version of the coupled finite-boundary element formulation that
was previously developed by El Damatty et al. [15] for the analysis
of pure conical tanks. In this formulation, the walls of the vessel
are idealized using the consistent degenerated sub-parametric
shell element developed by Koziey and Mirza [16]. Meanwhile,
the impulsive component of the hydrodynamic pressure, pd, is
simulated using the boundary element technique. This eliminates
the need for 3-D discretization of the fluid volume as only the
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shell boundary is discretized. In the adopted formulation, the
impulsive axisymmetric hydrodynamic pressure, pd, is expressed
as a linear combination of the pressure modes that satisfy the
governing Laplacian differential equation as

pdðr; z; tÞ ¼
Xn

i¼1

AiðtÞHiðr; zÞ þ BðtÞ 1�
z

hT

� �
(5)

where Ai(t) and B(t) ¼ time-dependent coefficients; Hi(r,z) are
the pressure modes, and i is an integer value associated with
different pressure modes (i ¼ 1, 2, 3,y). The pressure modes are
expressed as

Hiðr; zÞ ¼ Io ð2i� 1Þ
pr

2hT

� �
cos ð2i� 1Þ

pz

2hT

� �
(6)

in which Io is the modified Bessel’s function of the first kind.
In the used formulation, the pressure functions Hi(r,z) and

(1�z/hT) are identified by satisfying the Laplacian equation and
the boundary condition described by Eq. (2). The inclusion of
the B(t)(1�z/hT) term satisfies the boundary condition related
to the gravitational force described by Eq. (3). The boundary
element formulation of the hydrodynamic pressure inside the
vessel leads to a fluid added-mass matrix that is incorporated in
the dynamic analysis to identify the natural axisymmetric
frequencies and the associated dynamic response of the liquid-
filled vessel as described in detail in [12].
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3. Tank geometry and finite element modeling

The geometry of a typical combined circular tank is shown in
Fig. 2a. The containment vessel is constructed of a thin-walled
shell with thickness ts. The vessel geometry is defined using a
global Cartesian coordinate system with its origin located at the
center of the circular base of the vessel as shown in Fig. 2a. The
containment vessel consists of a conical segment of a height hcone

on top of which a cylindrical cap with a height hcap is super-
imposed. The vessel is assumed to be completely full of fluid to an
overall height of hT. In Fig. 2a, Rb and Rcap represent the radius of
the vessel cross section at the base and along the height of the
cylindrical cap, respectively. Meanwhile, Rcone denotes the variable
radius of the conical segment as a result of the inclination of its
walls. The inclination angle of the tapered conical segment with
the vertical direction (the Z-axis) is denoted as yv. The contain-
ment vessel is typically supported by a rigid reinforced concrete
tower. The finite element model employed in the current study
adopts the following boundary conditions:
1.
 Nodal points along the top rim of the tank are assumed to be
totally free.
2.
Rb
The vessel is assumed to be fully anchored to the supporting
tower and, therefore, the nodal displacements at the vessel
base are fully restrained.
3.
Y

Z

Previous investigations of the influence of the through-
thickness rotational degrees of freedom at the base of the
vessel on the dynamic characteristics of conical and cylindrical
tanks revealed that the clamped versus hinged boundary
conditions lead to a negligible increase in the fundamental
frequency [10,12,13]. In the current study, the through-
thickness rotations at the base are assumed to be unrestrained.
This assumption enables verification of the obtained results by
comparing them to those available in the literature for pure
conical tanks [13].
4.

X

Fig. 3. A typical finite element mesh for a combined circular vessel.
The circular cross section located at the conjunction between
the conical and cylindrical segments of the vessel is modeled
using the double-node joint technique. The displacement
degrees of freedom of each two conjugate nodes are con-
strained. Meanwhile, the rotational degrees of freedom
i.e., about horizontal axis tangential to the circular cross
section are unrestrained to allow for relative rotation between
the conical segment and the superimposed cylindrical cap.

A vertical projection of a typical finite element mesh employed
to idealize combined vessels is shown in Fig. 3. Due to the
symmetry in vessels’ geometry, applied excitation, and
the structural response; the model includes only one-quarter of
the vessel.
4. Description of the proposed mechanical model

The axisymmetric impulsive pressure component pd develop-
ing inside a combined tank acts perpendicular to the walls of the
vessel and, therefore, leads to only hoop stresses in the cylindrical
segment of the combined tank. For the conical segment, the
inclination of the walls results in a pressure distribution that can
be resolved into a vertical component, pz ¼ pd sin yV, and a radial
component, pr ¼ pd cos yV as presented in Fig. 2a. The integration
of the vertical pressure component over the surface of the conical
segment leads to a normal force Nw(t) that can be expressed as
follows:

NwðtÞ ¼

Z hcone

0

Z 2p

0
pdðRcone; z; tÞ tanðyV ÞRcone dydz (7)

In this equation, the pressure pd(Rcone,z,t) can be represented by
a linear combination of the pressure modes as shown in Eq. (5)
[12]. Due to the inclination of the conical walls, the radius Rcone
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Table 1
Range of variation of vessels geometric parameters.

Parameter Lower limit Upper limit

Rb (m) 3.0 5.0

hT (m) 3.0 9.0

yv (deg.) 15 60

ts/Rb 0.001 0.10

Cap ratio (hcap/hT) (%) 15 45

A.M.I. Sweedan / Thin-Walled Structures 47 (2009) 942–952946  
varies with the height z as follows:

Rcone ¼ Rb þ z tan yV (8)

A schematic of an equivalent idealization of the liquid–shell
continuum subjected to vertical base excitation is presented in
Fig. 4. The proposed model consists of two mass components
connected by a linear elastic spring. The mass component, mo,
represents the portion of the fluid associated with higher
impulsive modes of vibration. As such, the mass mo responds
to a base excitation G̈V(t), whose frequency content is
around the natural axisymmetric frequency, as a rigid body and
therefore is rigidly attached to the supporting tower. It should be
noted that due to the high axial rigidity of the supporting tower, it
can be assumed that the acceleration developed at the base of the
vessel is of equal magnitude to the vertical component of the
ground acceleration acting at the base of the supporting
tower G̈V(t), as shown in Fig. 4. On the other hand, the component
mf represents the portion of the fluid whose natural
frequency matches the fundamental frequency of the axisym-
metric impulsive mode. As a result, the acceleration response
of the mass mf is much higher than the excitation acceleration
G̈V(t) due to the encountered dynamic amplification. The total
acceleration response a(t) experienced by the mass mf can be
presented as

aðtÞ ¼ €GV ðtÞ þ €zðtÞ (9)

where z̈(t) is the relative acceleration response resulting
from the flexibility of the vessel walls. The instantaneous
maximum normal force Nw(t) developed at section A–A located
at the bottom of the vessel walls, as shown in Fig. 2a, can be
evaluated as

NwðtÞ ¼ �½mr
€GV ðtÞ þmf €zðtÞ� (10)

where mr ¼ mo+mf, which represents the overall equivalent
mass including the effect of higher modes of vibration.
The stiffness kv of the spring element representing the tank’s
wall flexibility can be obtained based on the natural axisymmetric
frequency fv and the corresponding flexible masses component
mf as [17]

kv ¼ 4ðpf vÞ
2mf (11)
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5. Identification of the dynamic characteristics of combined
tanks

In this section, the dynamic parameters associated with the
proposed mechanical model are identified. The main criterion
adopted in developing the model is being able to predict
seismically induced forces developed in combined tanks provided
by Eq. (10). Estimates of such forces are obtained by conducting
extensive parametric analyses using the extended coupled finite-
boundary element code. Analyses consider a wide range of
parameters that covers the practical geometric dimensions of
combined tanks. A summary of the range of geometric parameters
considered in the analyses is presented in Table 1. The study
includes a sensitivity analysis of the dynamic response to the
inclination of the tank walls by considering four different values of
yv ¼ 151, 301, 451 and 601.

5.1. Natural frequencies of axisymmetric modes

The first phase of the parametric study involves evaluation of
the natural frequencies of the axisymmetric modes of vibration of
combined tanks. A series of free vibration analyses of liquid-filled
combined tanks are conducted in accordance with the following
relation:

½ks� �o2
v½Mv�fFg ¼ f0g (12)

where [ks] is the stiffness matrix of the containment shell, ov is
the natural circular axisymmetric frequency, [Mv] is the fluid
added-mass matrix associated with vertical vibrations and {F}
is the corresponding axisymmetric Eigen vector. According to
Eq. (12), the axisymmetric frequencies evaluated are related to the
Axially Rigid

Supporting Tower

mO

mf

a(t) = z(t) + GV (t)
kV

GV (t)

GV (t)

ally excited combined tanks.
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added mass provided by the contained fluid only. The shell mass
matrix is not included in the analysis due to its negligible
influence on the frequency of the liquid–shell system and the
corresponding equivalent mass values [10,13]. This is attributed to
the significant difference between the natural frequency of liquid-
filled vessels compared to the frequency of corresponding empty
shells. As a result, the effective shell mass provides a negligible
contribution to the overall response. Results of the free vibration
analysis reveal that the dimensionless parameters ðf V hT

ffiffiffiffiffiffiffiffiffiffiffi
rF=E

p
Þ,

(hT/Rb) and (ts/Rb) can be used to estimate the natural frequency of
the axisymmetric mode fV, where rF is the mass density of the
contained fluid and E is the Young’s modulus of the shell material.
The variation of the frequency parameter ðf V hT

ffiffiffiffiffiffiffiffiffiffiffi
rF=E

p
Þ with the

slenderness ratio (hT/Rb) is presented in Fig. 5a–d for yv values of
151, 301, 451 and 601, respectively. The obtained frequency plots
indicate that the slenderness ratio (hT/Rb) has a minor impact
on the variation of the frequency fV. A slight decrease in the
frequency may be noticed with the increase in the vessel walls
flexibility associated with higher (hT/Rb) ratios. On the other hand,
the increase in wall flexibility due to the increase in the (ts/Rb)
ratio has a more pronounced impact on the increase in the
frequency fV. Moreover, free vibration analysis results show
increase in the frequency with the reduction in the inclination
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of the conical segment yv as a result of the increase of the vessel
stiffness. This trend is presented in Fig. 6a–c for vessels with cap
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same (ts/Rb) ratio equal to an intermediate value of 0.01.
Comparison between the obtained results indicates slight change
in the coefficients for various cap ratios. This is attributed to the
fact that tanks with higher cap ratios exhibit reduction in both
stiffness and contained fluid mass which results in a slight
increase in the frequency. The trend of variation of fV with the cap
ratio (hcap/hT) is displayed in Fig. 7a–d for inclination angle yv

equals to 151, 301, 451 and 601, respectively. A general trend of
increasing frequency fV with higher cap ratios (i.e., approaching
the pure cylindrical geometry) can be noticed. This is in
agreement with the conclusion reported by Sweedan and El
Damatty [13] for pure conical vessels. To validate the obtained
results, the curves depicted in Fig. 7 are extrapolated to assess the
value of fV that corresponds to a zero-cap ratio (i.e., pure conical
geometry). The predicted fV values are summarized in Table 2
along with the corresponding values reported in the literature [13]
for pure conical vessels having the same aspect ratios of
(ts/Rb ¼ 0.01) and (hT/Rb ¼ 3.0). The comparison shows excellent
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agreement between the predicted fV values and those available in
the literature for conical vessels. It is worthy mentioning that the
verification results provided by Sweedan and El Damatty [13]
have been already validated through comparison to other results
pertaining to cylindrical tanks reported by Veletsos and Tang [10].
5.2. Equivalent fluid mass components

Seismically induced shell forces may be evaluated once the
natural frequency and equivalent mass components mf and mr are
identified. Determination of the equivalent masses is achieved by
employing the modal analysis approach associated with the free
vibration analysis conducted in the previous section. Analysis
considers the first 40 vibrational modes and follows the
subsequent procedure:
1.
 The free vibration analysis is conducted to obtain the natural
frequency fv�i and the associated mode shapes {Fv�i} of the ith
mode of vibration, where i ¼ 1, 2,y, 40.
2.
 The generalized mass m*i of the ith mode is evaluated as
follows:

m�i ¼ fFv�ig
T ½MV �fFv�ig (13)
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Table 2
Validation of the numerical model results.

Inclination angle, yv (deg.) fv (Hz) (proposed model) fv (Hz) Ref. [13] mf/mcyl (proposed model) mf/mcyl, Ref. [13]

15 25.900 25.960 0.57 0.55
30 19.600 19.340 2.12 2.00
45 11.820 11.870 5.24 5.00
60 5.535 5.540 12.80 12.30
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3.
 The modal participation factor related to the ith mode, GV�i, is
evaluated using

GV�i ¼
fFv�ig

T ½MV �fZg

m�i
(14)

where {Z} is a vector representing a unit vertical excitation,
along the Z-axis. The shell element employed in the current
analysis includes five nodal degrees of freedom (u,v,w,a,b) in
which w represents the displacement along the Z-axis. As such,
the vector {Z} is expressed as: {Z}T

¼ {0,0,1,0,0,0,0,1,0,0,y,
0,0,1,0,0}.
4.
 Knowing the generalized mass, the flexible component of the
effective mass mf�i, is evaluated as follows [17]:

mf�i ¼ G2
V�im

�
i (15)
5.
 The equivalent fluid mass component, mf, that corresponds to
the fundamental axisymmetric mode is obtained by substitut-
ing for (i ¼ 1) in Eq. (15). Meanwhile, the mass component, mr,
that includes the effect of higher modes of vibration is
evaluated as

mr ¼
X40

i¼1

mf�i (16)

The variation of the equivalent mass components mr and mf

with the slenderness ratio (hT/Rb) for vessels having cap ratios of
15%, 30% and 45% is shown in Fig. 8a–c, respectively. These figures
present the normalized equivalent masses (mr/mincl) and (mf/mincl)
with respect to the static mass of the fluid mincl contained by the
shaded volume shown in Fig. 2b. It can be observed that for all cap
ratios, both normalized mass components (mr/mincl) and (mf/mincl)
increase with higher slenderness ratio (hT/Rb). The same trend
applies for the variation of (mr/mincl) and (mf/mincl) with the
inclination angle of the conical segment yV which is attributed
to higher contribution of the contained fluid to the dynamic
response. It can also be noted that the value of mo ¼ mr�mf is
negligible, especially for steep tanks with yV ¼ 151 and 301. This
indicates that the vertical response of the liquid–shell system is
governed mainly by the fundamental axisymmetric mode as the
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component mo represents the contribution of higher axisym-
metric modes to the response. The difference between the static
mass mincl and mr represents the portion of the fluid mass
associated with the low-frequency free surface sloshing oscilla-
tions. Fig. 8a–c indicates that the sloshing mass decreases with
the increase in the inclination angle yV and the slenderness ratio
(hT/Rb).

The impact of the inclination angle yV on the flexible mass mf is
further investigated by considering three different sets of
combined vessels with cap ratios of 15%, 30% and 45%. The
variation of (mf/mcyl) with yV is presented in Fig. 9a, where mcyl

represents the static mass of the cylinder of water carried
vertically by the bottom diameter of the vessel as shown in
Fig. 2b. Thus, the value of mcyl is constant for all tanks considered
in this comparison. In this figure, each of the three curves
represents four vessels having the same geometric parameters,
hT ¼ 9.0 m, Rb ¼ 3.0 m and ts ¼ 24 mm and variable inclination
angle yV of 151, 301, 451 and 601. The extrapolation of all three
curves indicates a value of mf ¼ 0 as the inclination angle yV

approaches zero. This result corresponds to the case of pure
cylindrical vessel (yV ¼ 01) containing inviscid fluid which results
in no axial force in the vertical wall panels of the vessel. As a
result, the equivalent mass associated with the normal force
acting on the walls vanishes for the particular case of yV ¼ 01. This
conclusion emphasizes the accuracy of the results obtained in this
section. The same sets of vessels are employed to assess the
impact of the cap ratio on the equivalent mass mf. The variation of
the normalized mass (mf/mcyl) with the cap ratio is presented in
Fig. 9b for various yV values. Obtained curves are then extra-
polated in order to assess the value of (mf/mcyl) that corresponds
to a zero-cap ratio (i.e., pure conical vessel geometry). Table 2
provides a comparison between the (mf/mcyl)-values predicted by
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the extrapolated curves and those available in the literature for
pure conical vessels [13]. The close agreement shown between the
two sets of results provides more confidence in the adequacy of
the proposed values of equivalent masses for combined vessels.
6. Illustrative case study

An illustrative numerical example is presented to illustrate the
application of the proposed equivalent mechanical model in
evaluating the seismic response of liquid-storage combined tanks.
The modal response spectrum approach is employed to evaluate
the shell stresses due to the vertical component of earthquake
excitation. The combined tank considered in this example is
an open-top water-filled pedestal-type with an overall vessel
height hT of 9.0 m and a base radius of Rb of 3.0 m. The tapered
conical segment has an inclination angle yv ¼ 301 and a height
of hcone ¼ 6.3 m. The conical part is topped with a 2.7 m cylindrical
cap (hcap ¼ 2.7 m). The thin-walled vessel is constructed of
structural steel with uniform wall thickness of ts ¼ 18 mm. For
the structural steel used, Young’s modulus E and mass density rs

are taken as 200,000 MPa and 7800 kg/m3, respectively. The vessel
is assumed to be supported by an axially rigid reinforced concrete
tower. Therefore, the vertical ground excitation is transferred to
the base of the combined vessel without magnification. The
response of the tank is evaluated using the response spectrum
approach under the effect of the vertical component of the
Sylmar–San Fernando earthquake that struck San Fernando,
California in February 9, 1971.

The proposed mechanical model, Fig. 4, is used to evaluate the
maximum meridional stresses induced in the shell in accordance
with the following procedure:
�
 The basic parameters defining the geometry of the analyzed
vessel are: hT/Rb ¼ 3.0, ts/Rb ¼ 0.006, cap ratio ¼ 30% and
yv ¼ 301.

�
 Using the frequency plots provided by Fig. 5b, the non-

dimensional frequency parameter f V hT

ffiffiffiffiffiffiffiffiffiffiffi
rF=E

p
¼ 0:0098. Thus,

the natural frequency of the axisymmetric mode has a value of
fV ¼ 15.4 Hz.

�
 The static masses of the contained water, shown in Fig. 2b, are

then obtained: mT ¼ 855,058 kg, mCyl ¼ 254,469 kg and min-

cl ¼ 600,589 kg.

�
 The equivalent rigid and flexible mass components can be

obtained from Fig. 8b as, mr ¼ 0.689, mincl ¼ 413,806 kg and
mf ¼ 0.653, mincl ¼ 392,185 kg.

�
 The maximum vertical ground acceleration, G̈V�max, of San

Fernando earthquake is 0.0978 g. The spectral acceleration
response Sa�v that corresponds to a 2% damping ratio and
fv ¼ 15.4 Hz is equal to 0.514 g.

�
 In view of Eq. (10), the maximum normal force, Nw(max),

induced in the shell can be assessed using the square root of
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sum of the squares (SRSS) approach to combine the two out-of-
phase components of the dynamic response [17]

NwðmaxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ððmr �mf Þ

€GVðmaxÞÞ
2
þ ðmf Sa�vÞ

2
q

¼ 1977:64 kN

(17)

 

 

�
 The corresponding maximum meridional stress in the vessel
can be evaluated as [12]

svessel�V ¼
NwðmaxÞ

2pRbts cos yv
¼ 6730 kN=m2 (18)
�
 Similarly, the compressive meridional stresses associated with
the hydrostatic pressure of the contained fluid, sstatic, are
obtained

sstatic ¼
Pstatic

2pRbts cos yv
¼ 20;051 kN=m2 (19)

where Pstatic is the sum of the vertical forces acting on section
A–A (shown in Fig. 2a).

Comparison between the seismic meridional stresses svessel�V

developing at the base of the vessels and the static stresses
associated with the hydrostatic pressure sstatic reveals that
inclusion of the vertical component of the earthquake leads to a
substantial increase in the meridional stresses of about 34% of the
static stresses. This significant increase in the meridional stresses
emphasizes the importance of considering the impact of the
vertical ground excitation on the design of liquid-storage
combined vessels. It should be noted that the numerical values
obtained are applicable for the particular vessel dimensions and
earthquake record considered in the current case study. As such,
the increase in the meridional stresses may fluctuate depending
on the geometric parameters of the tank under consideration and
the intensity and frequency content of the applied ground
excitation.
7. Summary and conclusions

The dynamic response of liquid-filled combined vessels to the
vertical component of earthquake excitation is investigated.
An equivalent mechanical model is proposed to predict the
seismically induced forces due to vertical excitation. An extensive
parametric study is conducted to identify the basic characteristics
of the equivalent model. Parametric study involves free vibration
and modal analyses of the practical range of dimensions of
combined tanks. Free vibration analysis is used to identify the
natural axisymmetric frequency of the impulsive hydrodynamic
pressure acting on the vessel walls. Modal analysis is also
conducted to evaluate the maximum normal forces induced in
the vessel walls due to the associated axisymmetric hydrody-
namic pressure. The equivalent flexible and rigid mass compo-
nents associated with the seismically induced shell forces are
identified. Assessment of the fundamental frequency and the
flexible mass components enables evaluation of the stiffness of
the linear spring connecting the two mass components which
represents the flexibility of the containment shell. Charts are
provided for the variation of the equivalent mass components
with geometric parameters of combined vessels. The accuracy of
the proposed model is validated by comparing the dynamic
characteristics of pure conical vessels (a special case of combined
vessels with no cap) predicted by the proposed model to results
reported in the literature for conical vessels showing excellent
agreement. Finally, a case study is presented to illustrate the
implementation of the proposed equivalent model in evaluating
seismically induced forces in water-filled combined tanks using
the response spectrum approach. Results of the presented case
confirm the importance of considering the seismic forces in the
design of vessels of combined tanks.
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