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Abstract
The main purpose of this work is to provide an efficient method for solving delay fractional optimal control problems (DFOCPs). Our method is based on

fractional-order Lagrange polynomials (FLPs) and the collocation method. The FLPs are used to achieve a new operational matrix of fractional derivative.

Also, we present a delay operational matrix of FLPs. These operational matrices are driven without considering the nodes of Lagrange polynomials.

The operational matrices and collocation method are applied to a constrained extremum in order to minimize the performance index. Then, the prob-

lem reduces to the solution of a system of algebraic equations. Convergence of the algorithm and approximation of FLPs are proposed. Furthermore,

the upper bound of the error for the operational matrix of fractional derivatives is obtained. Numerical tests for demonstrating the efficiency and effec-

tiveness of the method are included. Moreover, the method is used for numerical solution of a mathematical model of chemotherapy in breast cancer.
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Introduction

Time-delay systems have been very much considered in the

last few decades. Many of these time-delay systems appear in

different systems and branches of science such as engineering,

chemistry, physics, disease models (Zhang et al., 2014), traffic

control (Sipahi and Niculescu, 2009), etc.
The theory of a general class of differential equations with

delayed arguments was introduced in 1949 by Myshkis (1949).

Furthermore, Krasovskii (1963), Bellman and Cooke (1963),

El’sgol’c and Norkin (1971), and Hale (1977) researched in

this field.
Analysis and control design are very complicated in the

presence of delay, so a time-delay system is very important

for many researchers to control, stabilize and optimize them

(Lin et al., 2006; Malek-Zavarei and Jamshidi, 1987; Fischer

and Nappo, 2008).

On the other hand, in recent decades fractional calculus

has attracted many researchers. In the early ages of modern

differential calculus, right after the introduction of d
dx

for the

first derivative, in a letter dated 1695, Hopital asked Leibniz

the meaning of d0:5

dx0:5, the derivative of order 0.5. The appear-

ance of 0.5 as a fraction gave the name fractional calculus to

the study of derivatives, and integrals, of any order, real or

complex. There are several different approaches and defini-

tions in fractional calculus for derivatives and integrals of

arbitrary order.
Attempting to answer the question of Hopital, Leibniz

tried to explain the possibility of the derivative of order 0.5.

He also quoted that ‘‘this will lead to a paradox with very use-

ful consequences’’. During the next century the question was

raised again by Euler (1738), Laplace (1812), Lacriox (1819),

etc. expressing an interest in the calculation of fractional-

order derivatives. The first challenge of making a definition

for arbitrary order derivatives comes from Fourier in 1822.

For the first time, Liouville (1832) presented definitions of

fractional operators. Many mathematicians, like Peacock and

Kelland (1839), and Gregory (1841) have contributed to this.

Riemann dedicated the introduction of fractional derivatives

and integrals of Riemann–Liouville to Sonin in 1869, and in

some work to Pooseh (2013).
Fractional calculus appears in the modelling of many phe-

nomena. Indeed, a strong motivation to study and research to

solve fractional differential equations with time delay comes

from the fact that these equations efficiently describe anoma-

lous diffusion on fractals, and physical objects of fractional

dimensions, such as some amorphous semiconductors or

highly porous materials, random walk deductions, etc.
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One of the problems that we face in modelling natural

phenomena are fractional optimal control problems and

delay fractional optimal control problems. Fractional optimal

control problems are considered due to the great application

of these problems in engineering, physics, economics, power

systems, transportation, biology, electronics, chemistry, and

so on. We can see some applications of fractional optimiza-

tion control problems in Bohannan (2008) and Suárez et al.

(2008).
The importance of optimal control problems has led to

the development of various analytical and numerical methods

to solve these problems. Several efficient numerical methods

for solving fractional optimal control problems such as

Bernoulli polynomials (Keshavarz et al., 2015), Boubaker

polynomials (Rabiei et al., 2017b), multiwavelets (Lotfi, 2011;

Yousefi et al., 2011), the Ritz-variational method (Lotfi and

Yousefi, 2017), the modified Adomian decomposition method

(Alizadeh and Effati, 2017), the hybrid meshless method

(Darehmiraki et al., 2018), the finite element method (Zhou

and Gong, 2016), methods based on eigenfunctions Özdemir

et al., 2009), etc. have been developed.
Another category of fractional problems is the fractional

delay control problem. Apart from diffusion on fractals, other

applications of this kind of problem happen in fields such as

fluid flow, viscoelasticity, control theory of dynamical sys-

tems, diffusive transport akin to diffusion, electrical networks,

probability and statistics, electrochemistry of corrosion, optics

and signal processing, rheology, and so on (Bahaa, 2017).
The existence and uniqueness of the solutions of fractional

delay differential equations are considered in many studies

such as the one by Liao and Ye (2009). However, the delay

fractional optimal control problem is a subject that still needs

to be investigated, as proved by the poor literature on the

topic (Bahaa, 2017).
For delay systems, the optimal control problem is one of

the most challenging mathematical problems in control the-

ory. In fact, the presence of delay makes the analysis and

design of control much more complicated. Except for some

special cases, this is quite complicated or impossible.

Therefore, numerical methods are used in most cases

(Marzban, 2016; Sweilam and AL-Mekhlafi, 2017). For

instance, in Wang et al. (2011), the authors obtained some

sufficient conditions for the existence, uniqueness and contin-

uous dependence of mild solutions of fractional finite time-

delay evolution systems and optimal controls in infinite-

dimensional spaces, and they presented the existence of opti-

mal pairs of fractional time-delay evolution systems. In recent

years, various types of delay systems have been considered by

many researchers as their optimal control and stability analy-

ses (Barati, 2012; Briat, 2015; Mohan and Kar, 2010).
In many studies, the goal is to obtain the necessary condi-

tions for optimizing and solving delay optimal control prob-

lems, such as in Kharatishvili (1961) and Marzban and

Hoseini (2015). Applying the Pontryagin maximum principle

to the results of the delay optimal control problem in a sys-

tem of two-point boundary value problems with both delayed

and advanced terms, there are no analytic solutions except

for some specific cases (Marzban, 2016).

Also, several methods have been used to solve delay frac-

tional optimal control problems, such as methods based on

Bernoulli wavelets (Rahimkhani, 2016), fractional-order

Boubaker functions (Rabiei et al., 2017a), the Legendre

operational technique (Bhrawy, 2016), Bernstein polynomials

(Safaie and Farahi, 2014, 2016; Safaie et al., 2014), hybrids of

block-pulse functions and Bernoulli polynomials (Haddadi

et al., 2012), Legendre multiwavelets (Khellat, 2009), the

method in Bahaa (2017), the method in Sweilam and

ALMekhlafi (2017), the method of moments (Dehghan and

Keyanpour, 2017), the Haar wavelet collocation method

(Borzabadi and Asadi, 2013), the method in Göllmann et al.

(2009), the method in Koshkouei et al. (2012), hybrids of

block-pulse functions and Bernstein polynomials (Dadkhah

et al., 2018), and so on.
By considering the zeros of orthogonal polynomials (such

as Legendre polynomials, Chebyshev polynomials, etc.) as the

nodes of Lagrange polynomials, orthogonal Lagrange poly-

nomials are constructed (Szegö, 1967). Thus we present frac-

tional-order Lagrange polynomials (FLPs), the fractional

derivative operational matrix of FLPs, and the delay opera-

tional matrix of FLPs generally, without considering the

nodes of Lagrange polynomials.
As a result, by choosing the different nodes of Lagrange

polynomials, we have orthogonal and non-orthogonal frac-

tional-order Lagrange functions. This is one of the important

advantages of FLPs. Another advantage of FLPs is the exis-

tence of the fractional-parameter, a. In the examples pre-

sented, we can see that the effect of this parameter is to solve

fractional delay optimal control problems.
This paper is organized as follows. In ‘Preliminaries and

notations’, we describe some necessary definitions and mathe-

matical preliminaries required for our subsequent develop-

ment. ‘Fractional-order Lagrange polynomials’ is devoted to

recalling fractional Lagrange polynomials. In the next section,

we propose a new operational matrix of the Caputo fractional

derivative for FLPs. Also, we derive the delay operational

matrix in this section. In ‘Problem statement’, the delay and

fractional derivative operational matrices, together with the

collocation method at the Lagrange points, are used to solve

delay fractional optimal control problems. The convergence

of the proposed method and the approximation of FLPs is

proposed in ‘Convergence analysis’. Also in this section, the

upper bound of the error for the operational matrix of frac-

tional derivatives is derived. In ‘Illustrative test problems’, we

report our numerical results by considering some examples.

Moreover, we apply the presented method to solving one of

the models of chemotherapy in breast cancer. The final sec-

tion contains some concluding remarks.

Preliminaries and notations

In this section, we give some of the basic definitions and prop-

erties of fractional calculus theory that are used in this paper.

Definition 1. Let f : ½a, b� ! R be a function, n . 0 a real

number and m= nd e, where nd e denotes the smallest integer

greater than or equal to a, the Riemann–Liouville integral of
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fractional order is defined as (Sabermahani et al., 2018: p. 5,

equations (1)–(4))

Inf (x)=
1

G(n)

Z x

0

(x� t)n�1f (t)dt=
1

G(n)
xn�1 � f (x) n . 0,

f (x) n= 0

8<:
ð1Þ

where xn�1 � f (x) is the convolution product of xn�1 and f (x).
For the Riemann–Liouville fractional integrals, we have

Inxm =
G(m+ 1)

G(m+ 1+ n)
xn+m, m . � 1

and

(DnInf )(x)= f (x),

(InDnf )(x)= f (x)�
Xnd e�1

i= 0

xi

i!
f (i)(0)

Definition 2. Caputo’s fractional derivative of order n is

defined as (Sabermahani et al., 2018: p. 5, equations (5)–(6))

Dnf (x)=
1

G(m� n)

Z x

0

f (m)(t)

(x� t)n�m+ 1
dt

for m� 1\n ł m, m 2 N , x . 0. For the Caputo derivative,

we have
1.

Dnxk =
0, n 2 N0, k\n,

G(k + 1)

G(k � n+ 1)
xk�n otherwise

8<: ð2Þ

2. Dnl= 0 where, l is constant.
3. The Caputo fractional derivative is a linear operation,

namely

Dn(lf (x)+my(x))=lDnf (x)+mDny(x)

where l and m are constants.

Definition 3. (Generalized Taylor’s formula) (Odibat and

Shawagfeh, 2007: p. 4, equation (3.12)). Suppose that

Dkaf (x) 2 C(0, 1� for k = 0, 1, . . . , n: Then, we have

f (x)=
Xn�1

k = 0

xka

G(ka+ 1)
Dkaf (0+)+

xna

G(na+ 1)
Dnaf (j)

with 0\j ł x, 8x 2 (0, 1�. Also, one has

jf (x)�
Xn�1

k = 0

xka

G(ka+ 1)
Dkaf (0+)jł Ma

xna

G(na+ 1)

where Ma ø supj2(0, 1� jDnaf (j)j. Also, the generalized Taylor

formula reduces to the classical Taylor formula, when a= 1.

Fractional-order Lagrange polynomials

In this section, we recall the definition of fractional-order

Lagrange functions and their properties.

Lagrange polynomials

Suppose that the set of nodes of Lagrange polynomials is

given by xi 2 ½0, 1�, i= 0, 1, . . . , n. A Lagrange polynomial
based on these points can be defined as follows (Stoer and
Bulirsch, 2002: p. 39, equations (2.1.1.2) and (2.1.1.3))

Li(x) : =
Yn

j= 0
i6¼j

(x� xj)

(xi � xj)
ð3Þ

Moreover, the Lagrange polynomials are proposed on the
set of nodes xi 2 ½0, 1� as follows (Sabermahani et al., 2018: p.
7, equations (14)–(16))

Li(x)=
Xn

s= 0

bisx
n�s, i= 0, 1, . . . , n ð4Þ

where bi0 =
1Qn

j= 0
i6¼j

(xi�xj)
and

bis =
(� 1)sQn

j= 0
i 6¼j

(xi � xj)

Xn

ks = ks�1 + 1

� � �
Xn�s+ 1

k1 = 0

Ys

r = 1

xkr
,

s= 1, 2, . . . , n, i 6¼ k1 6¼ . . . 6¼ ks

Fractional-order Lagrange functions

We recall the new set of fractional functions constructed
by changing x to xa, (0\a ł 1). These functions are called

FLPs. Using equation (4), the analytic form of FLPs La
i (x)

is as follows (Sabermahani et al., 2018: p. 7, equations

(17)–(19))

La
i (x)=

Xn

s= 0

bisx
a(n�s), i= 0, 1, 2, . . . , n ð5Þ

where bi0 =
1Qn

j= 0
i6¼j

(xi�xj)
and

bis =
(� 1)sQn

j= 0
i 6¼j

(xi � xj)

Xn

ks = ks�1 + 1

� � �
Xn�s+ 1

k1 = 0

Ys

r = 1

xkr
,

s= 1, 2, . . . , n, i 6¼ k1 6¼ . . . 6¼ ks

FLPs are obtained with arbitrary nodal points. Thus, we
have various choices of Lagrange polynomial nodes to con-

struct fractional-order Lagrange functions.

Function approximation

A function f defined over ½0, 1� can be expressed in terms of
FLPs as

Sabermahani et al. 3



f (x) ’
Xn

i= 0

ciL
a
i (x)=CTLa(x) ð6Þ

where T indicates transposition, and C and La(x) are

1 3 (n+ 1) vectors given by

C = ½c0, c1, . . . , cn�T, La(x)= ½La
0 (x),L

a
1 (x), . . . , La

n (x)�
T

ð7Þ

By using equation (6), we have

fj = hf , La
j i=

Xn

i= 0

ciL
a
i (x),L

a
j

* +
=
Xn

i= 0

cidij, j= 0, 1, . . . , n

Suppose that

F = ½f0, f1, . . . , fn�T, D= ½dij�

so we have

FT =CTD

D= hLa(x), La(x)i=
Z 1

0

La(x)(La(x))Txa�1dx

then, we obtain

C =D�1hf , Lai

Operational matrices of fractional
derivative and delay

In this section, we present FLP operational matrices of frac-
tional derivative and delay. We obtain these operational

matrices generally, without regard to the nodes of
xi, i= 0, 1, . . . , n.

The fractional derivative operational matrix of FLPs

The fractional derivative of La(x) can be approximated as

DnLa(x) ’ D(n, a)La(x) ð8Þ

D(n, a) is called the fractional derivative operational matrix of

FLPs.
Using equation (5), we obtain

DnLa
i (x)=Dn(

Xn

s= 0

bisx
a(n�s))=

Xn

s= 0

bisD
nxa(n�s)

Using equation (2), we have

Dnxa(n�s) =
0, a(n� s)\n,

G(a(n� s)+ 1)

G(a(n� s)� n+ 1)
xa(n�s)�n, a(n� s)ø n

8<:
Therefore, we achieve

DnLa
i (x)=

Xn

s= 0

wa
i, sx

a(n�s)�n

where

wa
i, s =

0, a(n� s)\n,
G(a(n� s)+ 1)

G(a(n� s)� n+ 1)
bis, a(n� s)ø n

8<:
We can expand xa(n�s)�n in terms of FLPs as

xa(n�s)�n =
Xn

j= 0

cs, jL
a
j (x) ð9Þ

and

cs, j =D�1hxa(n�s)�n,La
j (x)i

Then, we get

DnLa
i (x) ’

Xn

s= 0

wa
i, s

Xn

j= 0

cs, jL
a
j (x)

=
Xn

s= 0

Xn

j= 0

wa
i, scs, j

 !
La

j (x)=
Xn

s= 0

ua
i, j, sL

a
j (x)

ð10Þ

where ua
i, j, s =

Pn
j= 0

wa
i, scs, j. We obtain

DnLa
i (x) ’

Xn

s= 0

ua
i, 0, s,

Xn

s= 0

ua
i, 1, s, . . . ,

Xn

s= 0

ua
i, n, s

" #
La(x),

i= 0, 1, . . . , n

Hence, we have

D(n,a) =

Pn
s= 0

ua
0, 0, s

Pn
s= 0

ua
0, 1, s . . .

Pn
s= 0

ua
0, n, sPn

s= 0

ua
1, 0, s

Pn
s= 0

ua
1, 1, s . . .

Pn
s= 0

ua
1, n, s

..

. ..
. . .
. ..

.Pn
s= 0

ua
n, 0, s

Pn
s= 0

ua
n, 1, s . . .

Pn
s= 0

ua
n, n, s

26666666664

37777777775

Delay operational matrix of FLPs

Now, we derive a general delay operational matrix based on

FLPs. Using equation (4), the Lagrange polynomials vector
can be considered as

L(x)=LTn(x) ð11Þ

where

Tn(x)= ½1, x, x2, . . . , xn�T, L(x)= ½L0(x),L1(x), . . . , Ln(x)�T

and L=(gi, j)
n
i, j= 0 is matrix of order (n+ 1)3 (n+ 1), where

gi, j =bi, n�j.
Also, for Taylor polynomials, we have (Safaie2: p. 5, equa-

tion (8))
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Tn(x� t)= u(t)Tn(x)

where u(t) is the following matrix

u(t)=

1 0 . . . 0

�t 1 . . . 0

(� t)2 �2t . . . 0

..

. ..
. . .

. ..
.

(� t)n
n

n� 1

� �
(� t)n�1 . . . 1

26666664

37777775
Using equation (11), we obtain

L(x� t)=Lu(t)Tn(x)=Lu(t)L�1L(x)

Moreover, we can write

L(xa � t)=Lu(t)L�1L(xa)

and

La(x� t)=Lu(t)L�1La(x) ð12Þ

Now, we consider Mt =Lu(t)L�1, where Mt is the delay

operational matrix of FLPs.

Problem statement

In this section, we employ the operational matrices of delay

and the fractional derivative, together with the collocation

method to solve the following optimization problem.
Consider the following delay fractional system

DnX (x)=A(x)X (x)+B(x)X (x� t)

+E(x)U (x)+F(x)U (x� t�)+ dg(X ,U )
ð13Þ

with the initial conditions

X (x)=F1(x), �t ł x ł 0,
U (x)=F2(x), �t�ł x ł 0

ð14Þ

where, 0\n ł 1, 0 ł x ł 1, d is constant,

X (x) 2 Rl, U (x) 2 Rq, (l ø q), A(x), B(x), E(x), and F(x) are

continuous matrix functions, and F1(x) and F2(x) are known

functions defined on the intervals ½�t, 0� and ½�t�, 0�,
respectively.

We find the optimal control U (x) and the state trajectory

X (x), 0 ł x ł 1 that satisfy equation (13), while extremizing

the quadratic performance index (Rahimkhani, 2016: p. 6,

equation (26))

J =
1

2

Z 1

0

½XT(x)Q(x)X (x)+UT(x)R(x)U (x)�dx ð15Þ

where Q(x) a symmetric positive-semidefinite matrix and R(x)

a symmetric positive-definite matrix with proper dimensions.
Assuming the existence and uniqueness of the solution of

this problem, we solve the system dynamics equation (13) and

the performance index equation (15) via FLPs.

We have different choices for xi, i= 0, 1, . . . , n. For exam-

ple, By considering the zeros of shifted Legendre polynomials
as xi, we have a set of orthogonal polynomials.

In this paper, we consider xi =
i
n
, i= 0, 1, . . . , n, where

these nodes are in ½0, 1�.
We can approximate X (x), U (x), Q(x), R(x), A(x),

B(x), E(x) and F(x) in terms of FLPs as

X (x) ’ XTLa(x), U (x) ’ UTLa(x), Q(x) ’ QTLa(x),

R(x) ’ RTLa(x),

A(x) ’ ATLa(x), B(x) ’ BTLa(x), E(x) ’ ETLa(x),

F(x) ’ FTLa(x)

So, we get

DnX (x) ’ XTD(n, a)La(x), ð16Þ

X (x� t) ’ XTMtLa(x), ð17Þ

U (x� t) ’ UTMt�L
a(x) ð18Þ

Now, the initial conditions equation (14) can be rewritten

F1(0) ’ GT
1 La(0), F2(0) ’ GT

2 La(0) ð19Þ

We substitute these approximations in the performance
index J and the system dynamics equation (13). For the sys-

tem dynamics equation (13), we obtain

XTDðn; aÞLaðxÞ � ATLaðxÞðLaðxÞÞTX

� BTLaðxÞðLaðxÞÞTMT
t X

� ETLaðxÞðLaðxÞÞTU

� FTLaðxÞðLaðxÞÞTMT
t�U

� dgðXTLaðxÞ;UTLaðxÞÞ ¼ 0

ð20Þ

By employing the collocation method for equation (20) at

xi, i= 0, 1, 2, . . . , n, we have a system of algebraic equations
as

~K ¼ XTDðn; aÞLaðxiÞ � ATLaðxiÞðLaðxiÞÞTX

� BTLaðxiÞðLaðxiÞÞTMT
t X

� ETLaðxiÞðLaðxiÞÞTU

� FTLaðxiÞðLaðxiÞÞTMT
t�U

� dgðXTLaðxiÞ;UTLaðxiÞÞ;

where, ~K = 0.
For solving this optimization problem, using equation

(19), we obtain (Rad et al., 2014: p. 6, equation (3.12))

~J = J + li
~K +ln+ 1(F1(0)� GT

1 La(0))

+ln+ 2(F2(0)� GT
2 La(0)), i= 0, 1, . . . , n

where li is the unknown multiplier’s coefficient. The neces-

sary condition for deriving the extremum of ~J is that the fol-
lowing equations hold

Sabermahani et al. 5



∂~J

∂Xi

= 0, i= 0, 1, . . . , n, ð21Þ

∂~J

∂Ui

= 0, i= 0, 1, . . . , n, ð22Þ

∂~J

∂lj

= 0, j= 0, 1, . . . , n+ 2 ð23Þ

We can solve equations (21)–(23) using any standard itera-

tive method.

Convergence analysis

In this section, we investigate the convergence analysis of the

proposed method and an approximation of FLPs is proposed.
Also, we derive the upper bound of the error for the opera-

tional matrix of fractional derivatives.
A function f 2 L2½0, 1� can be expanded as

f (x) ’
Xn

i= 0

ciL
a
i (x)=CTLa(x)= fn(x)

then, we have error function bE(x) as follows
bE(x)= jf (x)� fn(x)j, x 2 ½0, 1�

Theorem 1. Suppose that Dkaf 2 C(0, 1�, k = 0, 1, . . . , n

and Y a
n = fLa

0 (x), La
1 (x), . . . ,La

n (x)g. If fn(x) is the best

approximation to f (x) out of Y a
n , then the error bound of the

approximate solution fn(x) by using an FLP series would be

obtained as follows

k f � fnk2 ł
Ma

G((n+ 1)a+ 1)
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(2n+ 2)a+ 1

p ð24Þ

where Ma = supx2½0, 1� jD(n+ 1)af (x)j.

Proof: We define

~f (x)=
Xn

i= 0

xka

G(ka+ 1)
Dkaf (0+)

From the generalized Taylor’s formula in Definition 3, we

have

jf (x)� ~f (x)jł x(n+ 1)a

G((n+ 1)a+ 1)
sup

x2½0, 1�
jD(n+ 1)af (x)j

Since, ~f (x) is the best approximation of f out of Y a
n ,

~f (x) 2 Y a
n and from the above relation, we have

k f � fn k2
2 ł k f � ~f k2

2 =

Z 1

0

jf (x)� ~f (x)j2dx

ł

Z 1

0

x(2n+ 2)a

G((n+ 1)a+ 1)2
M2

a =
M2

a

G((n+ 1)a+ 1)2Z 1

0

x(2n+ 2)adx=
M2

a

G((n+ 1)a+ 1)2((2n+ 2)a+ 1)

the theorem is proved by taking the square roots. h

With respect to 1

G((n+ 1)a+ 1)
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(2n+ 2)a+ 1
p , we can see that

the error approaches zero, quickly, when n increases.
Therefore, the recent theorem proves the convergence of
approximations of FLPs to f (x).

Upper bound of the error for the operational
matrix of fractional derivatives

Now, we find an upper bound for the error of D(n,a) and show
that by increasing in the number of FLPs, this error tends to

zero.
The error vector E(n) of the operational matrix D(n,a) is

given by

E(n) =DnLa(x)� D(n,a)La(x), E(n) =

e0

e1

..

.

en

26664
37775

from equation (9) and Theorem 1, we have

k xa(n�s)�n �
Xn

j= 0

bjL
a
j (x)k2 ł

Ma

G((n+ 1)a+ 1)
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(2n+ 2)a+ 1

p
ð25Þ

then, by using equations (10) and (25), we get

k eik2 = k DnLa
i (x)�

Xn

j= 0

Xn

s= 0

wa
i, scs, jL

a
j (x) k

= k
Xn

s= 0

G(a(n� s)+ 1)

G(a(n� s)� n+ 1)
bisx

a(n�s)�n

�
Xn

j= 0

(
Xn

s= 0

wa
i, scs, j)L

a
j (x) k

ł
Xn

s= 0

wa
i, s k xa(n�s)�n �

Xn

j= 0

bjL
a
j (x) k

ł
Xn

s= 0

wa
is

Ma

G((n+ 1)a+ 1)
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(2n+ 2)a+ 1

p

ð26Þ

where bj =
Pn

s= 0 cs, j.
Therefore, we can see that by increasing the number of

FLPs, the error vector E(n) tends to zero.

Theorem 2. Suppose XTLa(:), and UTLa(:) are approxima-

tions of functions X (:) and U (:) using FLPs of degree n,
respectively. Then, (X , U ) converge to the exact solutions as

n tends to infinity.

Proof: Similar to the proof given in the Bernstein polynomial
in Safaie et al. (2014) (p. 9, Theorem 4.1), the theorem is

proved for FLPs.

Illustrative test problems

In this section, we apply the proposed method to solve the fol-
lowing test examples.
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Example 1. Consider the following delay fractional optimal

control problem (DFOCP) with different delays in state and

control (Dadkhah et al., 2018; Haddadi et al., 2012;

Rahimkhani, 2016; Safaie and Farahi, 2014; Wang, 2007b)

min J =
1

2

Z 1

0

½(X 2(x)+
1

2
U2(x)�dx

subject to

DnX1(x)=� X (x)+X x� 1

3

� �
+U (x)� 1

2
U x� 2

3

� �
,

0 ł x ł 1, 0\n ł 1,

X (x)= 1,
�1

3
ł x ł 0, U (x)= 0,

�2

3
ł x ł 0

ð27Þ

Using the present method, we solve this problem with

t = 1
3
, t�= 2

3
.

Table 1 displays the approximate values of J obtained by

the hybrid of block-pulse functions and Legendre polyno-

mials (Wang, 2007b), the hybrid of block-pulse functions and

Bernoulli polynomials (Haddadi et al., 2012), Bernstein poly-

nomials (Safaie and Farahi, 2014), the hybrid of block-pulse

functions and Bernstein polynomials (Dadkhah et al., 2018)

and Bernoulli wavelets (Rahimkhani, 2016), together with the

numerical results of the present method in n=a= 1 with dif-

ferent values of n. Moreover, in Table 1, CPU times for dif-

ferent values of n are listed.
In this table, we see a good numerical solution derived

using the proposed method with a small number of FLPs.

Also, Figure 1 shows the approximation of the state variable

X (x) and the control variable U (x), respectively, for various

values of n with n= 6 and a= 1, and this figure demonstrates

the convergence of the approximation of X (x) and U (x).
Moreover, the numerical results obtained by the present

method for various values of a= n and n= 6 are shown in

Table 2.

Example 2. We consider the following two-dimensional

DFOCP (Safaie et al., 2014; Wang, 2007b)

min J =
1

2

Z 1

0

½(X1(x)+X2(x))
2 +U 2(x)�dt

subject to

DnX1(x)=X1(x)+X2(x� 1
4
) 0 ł x ł 1, 0\n ł 1,

DnX2(x)=� 5X1(x� 1
4
)+X2(x)� X2(x� 1

4
)+U (x),

X1(x)=X2(x)= 1, � 1
4

ł x ł 0

ð28Þ

We solve this problem by using the method in ‘Problem

statement’. Table 3 shows the comparison between the

approximations of J obtained by the hybrid of block-pulse

functions and Legendre polynomials (Wang, 2007b) with

k = 4, M = 4, and Bernstein polynomials (Safaie et al., 2014)

with m= 6 together with the present method with n= 6,

n= 1 and a= 1, 0:5.
For further investigation, we present the CPU time of our

method for various values of a in Table 3. This table shows

the effectiveness of the method on this problem. Also, we

present the numerical results for different values of a= n in

Table. 4. In this table, we compare the approximate solution

with the method based on Bernstein polynomials (Safaie and

Farahi, 2016).

Table 1. Comparison of the estimated value of J and CPU time for n= 1 with the other methods for Example 1.

Haddadi et al. (2012) Wang (2007b) Dadkhah et al. (2018) Rahimkhani (2016) Present method

N= 3,M= 9 k= 3,M= 6 N= 3,M= 7 K= 2,M= 6 n= 4 n= 6

J 0.37310517 0.37311241 0.37311163 0.1027 0:0657 0:0292

CPU time — — — 0.935 0:016 0:031

Figure 1. Curves of the approximation of X(x),U(x) for n= 6,a= 1 and n= 0:2, 0:4, 0:8, 0:9, 1, in Example 1.
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Example 3. Consider the following DFOCP (Haddadi et al.,

2012; Khellat, 2009; Rahimkhani, 2016; Safaie and Farahi,

2016)

min J =
1

2

Z 2

0

½X 2(x)+U 2(x)�dx

subject to

DnX (x)= xX (x)+X (x� 1)+U (x) 0\n ł 1,
X (x)= 1, � 1 ł x ł 0

ð29Þ

We rescale the time scale into ½0, 1� and by employing the

present method, we solve this problem.
In Table 5, a comparison is made between the values of J

obtained by Legendre multiwavelets (Khellat, 2009), the

method in Rahimkhani (2016), the hybrid of block-pulse

functions and Bernoulli polynomials (Haddadi et al., 2012),

Bernstein polynomials (Safaie and Farahi, 2016), together

with the present method with n= 4 for n= 1 and various val-

ues of a. The approximate value obtained using our method

for n= 4, a= 1 is J = 4:9533.
Also, Figure 2 displays the behaviour of the numerical

solutions of the state variable X (x) and the control variable

U (x) in a= 1 and n= 4. We can see that as n approaches 1,

the numerical results converge to that of an integer-order dif-

ferential equation.
Table 6 shows the comparison estimate value of J with dif-

ferent values of n, a= 0:25 obtained by the proposed method

and Bernstein polynomials (Safaie and Farahi, 2016).
Tables 5 and 6 and Figure 2 demonstrate the validity and

efficacy of our method for this problem. In these tables, we

can see that good approximation results are achieved by the

present method, with a small number of FLPs.

Table 2. Estimated value of J with different values of n for Example 1.

n Safaie and Farahi (2014) Present method

m= 6 n= 6

1 0.3956 0.02921

0.99 0.2907 0.02909

0.9 — 0.02909

0.8 — 0.02905

0.4 — 0.20775

0.2 — 0.31851

Table 3. Comparison of the estimated value of J and CPU time for

n= 1, and t = 0:25 with the other methods for Example 2.

Wang (2007b) Safaie et al. (2014) Present method

a= 1 a= 0:5

J 2.7930 2.6105 2.6105 0.9959

CPU time — — 0.031 0.14

Table 4. Estimated value of J for different values of n, and t = 0:25

with the other methods for Example 2.

n Safaie and Farahi (2016) Present method

m= 6 n= 6

1 1.9493 0.9959

0.9 3.1472 2.7794

0.8 5.8783 4.6060

0.4 — 7.4407

0.2 — 9.9017

Table 5. Comparison of the estimated value of J and CPU time with the other methods for Example 3.

Khellat (2009) Haddadi et al. (2012) Safaie and Farahi (2016) Rahimkhani (2016) Present method n= 4ð Þ
N= 8 N= 2, M= 2 m= 6 k= 2, M= 2 a= 0:5 a= 0:25

J 5.1713 4.7407 2.7384 2.0481 2.0356 1.7753

CPU time — — — 0.063 0.031 0.016

Figure 2. Curves of the approximate solution of X(x),U(x), for n= 4,a= 1 and different values of n for Example 3.
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Example 4. Consider the following DFOCP (Ghomanjani

et al., 2014; Wang, 2007a)

DnX (x)=
x2 + 1 1

0 2

� �
X (x� t)+

1

x+ 1

� �
U (x)

+
x+ 1

x2 + 1

� �
U (x� t�), x 2 ½0, 1�

ð30Þ

in which

X (x)= ½1, 1�T, � t ł x ł 0,
U (x)= 1, � t�ł x ł 0

where J is described by

J =
1

2

Z 1

0

XT(x)
1 x

x x2

� �
X (x)+ (x2 + 1)U 2(x)

� �
dx

We solve this problem with t = 1
2
, t�= 1

4
. The exact solu-

tion of this problem is unavailable. However, in Figure 3, we

show the numerical solution of X1(x),X2(x) and U (x) with

n= 6 and a= 1. Figure 3 displays the convergence of the

approximate solution, in each case. Also, by applying our

method for solving this problem for n= 4, n= 1, we obtain

J = 1:503157. However the values of J as derived by methods
in Ghomanjani et al. (2014) and Wang (2007a) are

J = 1:536409753, J = 1:562240664, respectively.

Example 5. Consider the following fractional optimal control

problem of a nonlinear delay system (Borzabadi and Asadi,
2013; Dadkhah et al., 2018; Göllmann et al., 2009;

Koshkouei et al., 2012)

min J = 3

Z 1

0

½X 2(x)+U2(x)�dx

subject to

DnX (x)= 3X (x� t)U (x� t�), x 2 ½0, 1� ð31Þ

where

X (x)= 1, � t ł x ł 0,
U (x)= 0, t�ł x ł 0

We solve this problem, by employing the present method
for t = 1

3
, t�= 2

3
, n= 1 with n= 4 and different values of a.

Approximate values of J and CPU time obtained by the

present method with n= 4 are given in Table 7.
In this table we compare the numerical solution with the

results derived using the Haar wavelet collocation method

with 128 nodes (Borzabadi and Asadi, 2013), the method in
Göllmann et al. (2009) by considering 60,000 grid points, the

method in Koshkouei et al. (2012), and those derived using a
hybrid of block-pulse functions and Bernstein polynomials

with N = 3,M = 9 (Dadkhah et al., 2018).
Table 8 displays the numerical results achieved by the pres-

ent method for various values of n. We can see the effective-

ness of this method for solving this problem.

Table 6. Estimated value of J with different values of n for Example 3.

n Safaie and Farahi (2016) Present method

m= 6 n= 4

0.9 2.7504 1.9454

0.8 2.8108 2.1763

0.4 — 4.1653

0.2 — 6.6680

Figure 3. Curves of the approximate solution of X1(x),X2(x),U(x), for n= 6,a= 1 and different values of n for Example 4.

Table 7. Comparison of the estimated value of J and CPU time with the other methods for Example 5.

Göllmann et al. (2009) Koshkouei et al. (2012) Borzabadi and Asadi (2013) Dadkhah et al. (2018) Present method

a= 1 a= 0:5

J 3.1082 2.7640 2.761652 2.76140 2.19729 1.48970

CPU time 65.8 7 59.084 — 0.063 0.094
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Example 6. Cancer is one of the most dangerous diseases,

and causes many deaths each year. The following models the

impact of chemotherapy on breast cancer. The model pro-

posed here comes from Newbury (2007), Ramezanpour et al.

(2011) and Villasana and Ochoa (2004)

J =
1

2

Z xf

0

½X 2(x)+U2(x)�dx

subject to following nonlinear delay differential equation

X 0(x)=A0X (x)+A1X (x� t)

+ g(X , U ), 0 ł x ł xf ,
X (x)=F(x), � t ł x ł 0

ð32Þ

where

X (x)= ½TQ(x) TI(x) TM(x) I(x)�T,
U (x)= ½u1(x) u2(x) u3(x)�T,
F(x)= ½0:01 0:015 0:01 0:01�T,

A0 =

�a6 � d4 0 0 0

a6 �d2 2a4 0

0 0 �d3 � a4 0

0 0 0 �d1

26664
37775,

A1 =

0 0 0 0

a5 �a5 � a1 a1 0

0 0 0 0

0 0 0 0

26664
37775:

g(X , U )=

�c5I(x)TQ(x)� u1(x)TQ(x)

�c5TI(x)I(x)

�c3TM(x)I(x)� TM(x)u2(x)

k +
rI(x)(TQ(x)+ TI(x)+TM(x))n

a+(TQ(x)+ TI(x)+ TM(x))n � c2I(x)TI(x)� c4TM(x)I(x)� c6TQ(x)I(x)� I(x)u3(x)

2666664

3777775
This model divides the population of tumour cells into

interphase cells, mitosis cells, and quiescent cells, which are

represented by TI(x), TM(x) and TQ(x), respectively. The term

I(x) represents the population of immune cells that are the

cytotoxic T-cells. Also u1(x), u2(x), u3(x) are the effects of the

chemotherapy drug concentration in the tissue or blood,

which are proportional to the dose of drug given to the patient

by oral, injection, or in future technology by some kind of

portable pump or strap, which can supply drug continuously

to the blood circulation.
All parameter values are in fractional amounts per day.

The parameter t is the resident time of cells, which is consid-

ered to be 0.09. The constants a1 and a4 represent the fraction

of cells that change from interphase to mitosis, and from

mitosis to interphase, respectively. The constants d1, d2 and

d3 represent fractions of apoptosis (natural cell death). The

constants ci represent the loss of cells due to an encounter

with other cells. The constants a5 and a6 are the transition

rates of the proliferating cells to the quiescent cells, and the

quiescent cells to the proliferating cells, respectively. The con-

stant d4 represents the natural death rate of the quiescent

tumour cells. Let n= 2 and xf = 1. Table 9 summarizes all

parameter values in this model.
We apply the present method for solving this problem

when n= 6, a= 1, 0:9. The functional value is

J = 6:3745 3 10�4, when a= 1. For a= 0:9, J = 1:10035 3

10�8. In one day, Figures 4 and 5 demonstrate that the popu-

lation of tumour cells decreases to zero, whereas immune cells

remain at the upper level. These figures also show the effects

of the chemotherapy agents.

Conclusion

In this study, we have presented an efficient method for sol-

ving DFOCPs. We derived a new fractional derivative opera-

tional matrix of FLPs. We have also presented the delay

operational matrix of these fractional polynomials. These

matrices are generally obtained without considering the nodes

of Lagrange polynomials. Operational matrices of fractional

derivatives and delay, together with the collocation method

were used to approximate solutions of these problems. In

fact, we solved the problems directly, without solving the

fractional Hamiltonian equations. By giving some examples,

we have shown the effectiveness and efficiency of the pro-

posed method.

Table 8. Estimated value of J with different values of n for Example 5.

n Present method

n= 4

0.9 2.3441258

0.8 2.5033788

0.4 3.1714879

0.2 3.9609484

Table 9. Parameters used in the model for Example 6.

a1 a4 a5 a6 c1 c2 c3

0.98 0.8 0.0001 0.00015 0.9 0.085 0.9

c4 c5 c6 d1 d2 d3 d4

0.085 0.05 0.00085 0.029 0.11 0.11 0.11
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Göllmann L, Kern D and Maurer H (2009) Optimal control problems

with delays in state and control variables subject to mixed control-

state constraints. Optimal Control Applications and Methods 30(4):

341–365.

Haddadi N, Ordokhani Y and Razzaghi M (2012) Optimal control of

delay systems by using a hybrid functions approximation. Journal

of Optimization Theory and Applications 153(2): 338–356.

Hale JK (1977) Theory of Functional Differential Equations. New

York: Springer-Verlag.

Keshavarz E, Ordokhani Y and Razzaghi M (2015) A numerical solu-

tion for fractional optimal control problems via Bernoulli polyno-

mials. Journal of Vibration and Control 22(18): 3889–3903.

Kharatishvili GL (1961) The maximum principle in the theory of opti-

mal processes involving delay. Doklady Akademii Nauk SSSR

136(1): 39–42.

Khellat F (2009) Optimal control of linear time-delayed systems by

linear Legendre multiwavelets. Journal of Optimization Theory and

Applications 143(1): 107–121.

Koshkouei AJ, Farahi MH and Burnham KJ (2012) An almost opti-

mal control design method for nonlinear time-delay systems. Inter-

national Journal of Control 85(2): 147–158.

Krasovskii NN (1963) Stability of Motion. Stanford: Stanford Univer-

sity Press.

Liao C and Ye H (2009) Existence of positive solutions of nonlinear

fractional delay differential equations. Positivity 13(3): 601–609.

Lin C, Wang QG and Lee TH (2006) A less conservative robust stabi-

lity test for linear uncertain time-delay systems. IEEE Transactions

on Automatic Control 51(1): 87–91.

Lotfi A, Dehghan M and Yousefi SA (2011) A numerical technique

for solving fractional optimal control problems. Computational

and Applied Mathematics 62(3): 1055–1067.

Lotfi A and Yousefi SA (2017) A generalization of Ritz-variational

method for solving a class of fractional optimization problems.

Journal of Optimization Theory and Applications 174(1): 238–255.

Malek-Zavarei M and Jamshidi M (1987) Time Delay Systems: Analy-

sis, Optimization and Applications. New York: Elsevier.

Marzban HR (2016) Optimal control of linear multi-delay systems

based on a multi-interval decomposition scheme. Optimal Control

Applications and Methods 37(1): 190–211.

Marzban HR and Hoseini SM (2015) Numerical treatment of non-

linear optimal control problems involving piecewise constant

delay. IMA Journal of Mathematical Control and Information

33(4): 1103–1134.

Mohan BM and Kar SK (2010) Optimal control of multi-delay sys-

tems via orthogonal functions. International Journal of Advanced

Research in Engineering and Technology 1(1): 1–24.

Myshkis AD (1949) General theory of differential equations with

retarded arguments. Uspekhi Matematicheskikh Nauk 4(5):

99–141.

Newbury G (2007) A numerical study of a delay differential equation

model for breast cancer. MSc Thesis, Virginia Polytechnic Institute

and State University, USA.

El’sgol’c LE and Norkin SB (1971) Introduction to the Theory of Dif-

ferential Equations with Deviating Arguments. Moscow: Nauka.

Odibat Z and Shawagfeh NT (2007) Generalized Taylor’s formula.

Applied Mathematics and Computation 186(1): 286–293.

Özdemir N, Agrawal OP, Iskender BB and Karadeniz D (2009) Frac-

tional optimal control of a 2-dimensional distributed system using

eigenfunctions. Nonlinear Dynamics 55(3): 251–260.

Pooseh S (2013) Computational methods in the fractional calculus of

variations and optimal control. arXiv: 1312.4064.

Rabiei K, Ordokhani Y and Babolian E (2017a) Boubaker functions

and their applications in solving delay fractional optimal control

problems. Journal of Vibration and Control. Epub ahead of print 1

May 2017. DOI: 10.1077546317705041.

Rabiei K, Ordokhani Y and Babolian E (2017b) The Boubaker poly-

nomials and their application to solve fractional optimal control

problems. Nonlinear Dynamics 88(2): 1013–1026.

Rad JA, Kazem S and Parand K (2014) Optimal control of a para-

bolic distributed parameter system via radial basis functions. Com-

munications in Nonlinear Science and Numerical Simulation 19(8):

2559–2567.

Rahimkhani P, Ordokhani Y and Babolian E (2016) An efficient

approximate method for solving delay fractional optimal control

problems. Nonlinear Dynamics 86(3): 1649–1661.

Ramezanpour HR, Setayeshi S and Akbari ME (2011) A novel

scheme for optimal control of a nonlinear delay differential equa-

tions model to determine effective and optimal administrating

chemotherapy agents in breast cancer. Iranian Journal of Cancer

Prevention 4(4): 154–162.

Sabermahani S, Ordokhani Y and Yousefi SA (2018) Numerical

approach based on fractional-order Lagrange polynomials for sol-

ving a class of fractional differential equations. Computational and

Applied Mathematics 37(3): 3846–3868.

Safaie E and Farahi MH (2014) An approximation method for

numerical solution of multi-dimensional feedback delay fractional

optimal control problems by Bernstein polynomials. Iranian Jour-

nal of Numerical Analysis and Optimization 4(1): 77–94.

Safaie E and Farahi MH (2016) An approximate method for solving

fractional TBVP with state delay by Bernstein polynomials.

Advances in Difference Equations 2016: 298.

Safaie E, Farahi MH and Farmani Ardehaie M (2014) An approxi-

mate method for numerically solving multi-dimensional delay

fractional optimal control problems by Bernstein polynomials.

Computational and Applied Mathematics 34(3): 831–846.

Sipahi R and Niculescu SI (2009) Deterministic time-delayed traffic

flow models: A survey. In: Atay F (ed) Complex Time-Delay Sys-

tems. Understanding Complex Systems. Berlin: Springer.

Stoer J and Bulirsch R (2002) Introduction to Numerical Analysis.

New York: Springer.
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