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Abstract

Particle Swarm Optimization (PSO) algorithm is a nature-inspired meta-heuristic that has been utilized as a powerful
optimization tool in a wide range of applications since its inception in 1995. Due to the flexibility of its parameters and
concepts, PSO has appeared in many variants, probably more than any other meta-heuristic algorithm. This paper introduces
the Generalized Particle Swarm Optimization (GEPSO) algorithm as a new version of the PSO algorithm for continuous space
optimization, which enriches the original PSO by incorporating two new terms into the velocity updating equation. These
terms aim to deepen the interrelations of particles and their knowledge sharing, increase variety in the swarm, and provide
a better search in unexplored areas of the search space. Moreover, a novel procedure is utilized for dynamic updating of the
particles’ inertia weights, which controls the convergence of the swarm towards a solution. Also, since parameters of heuristic
and meta-heuristic algorithms have a significant influence on their performance, a comprehensive guideline for parameter tuning
of the GEPSO is developed. The computational results of solving numerous well-known benchmark functions by the GEPSO,
original PSO, Repulsive PSO (REPSO), PSO with Passive Congregation (PSOPC), Negative PSO (NPSO), Deterministic PSO
(DPSO), and Line Search-Based Derivative-Free PSO (LS-DF-PSO) approaches showed that the GEPSO outperformed the
compared methods in terms of mean and standard deviation of fitness function values and runtimes.
c⃝ 2020 International Association for Mathematics and Computers in Simulation (IMACS). Published by Elsevier B.V. All rights

reserved.
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1. Introduction

1.1. Motivation and incitement

With the advancement of engineering and social applications, we witness a surge in the emergence of various
multi-dimensional problems with incomplete or noisy data, ultra-large size, and high computational complexity,
which are expected to be solved effectively and efficiently by current computing technologies [26]. However,
conventional exact and global optimization algorithms are not capable of solving such challenging real-world
problems due to their somewhat inflexible structure and high computational burden [40]. On the other hand, the
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Nomenclature

Sets

Ni ter Set of the function evaluations
Np Set of the particles
Nk Set of the coordinates

Variables

prtposi
j Position of the particle j in the function evaluation i

prtveli j Velocity of the particle j in the function evaluation i
pbesti

j Best position of the particle j in the function evaluation i
gbesti Best position within the swarm until function evaluation i
pbesti

rand Best position of a randomly chosen particle within the swarm until function evaluation i
f (gbesti ) Best fitness function value in the function evaluation i in the whole swarm
pworsti

j Worst position of the particle j in the function evaluation i
gworsti Worst position within the swarm until function evaluation i
µ Mean
σ Standard deviation
∆f Associated normalized distance in the image space
∆x Normalized Euclidean distance between the minimum position found by the algorithm and

the analytical minimum position
∆t Combination of ∆x and ∆f used for the overall assessment

Parameters

r1
i , r2

i , r3
i , r4

i Random numbers between 0 and 1 for the function evaluation i
wi

1 Inertia weight in the GEPSO
w2, w3, w4, w5 Control weights
c1, c2 Cognitive and collective acceleration factors
c3, c4 Acceleration factors
α1, α2, α3 Convergence factors
χ Constriction factor
Vmin Minimum velocity of the particles
Vmax Maximum velocity of the particles
prtvelrand Random velocity vector between Vmin and Vmax

wmax Maximum inertia weight
wmin Minimum inertia weight
itermax Maximum number of function evaluations
γk Modification factor for coordinate k

Abbreviations

ACO Ant colony optimization
ANN Artificial neural network
CTB-PSO Continuous trait-based PSO
DEA Differential evolution algorithm

bunch of heuristic methods under the paradigm of Natural Computing (NC) has been proved a suitable replacement
for traditional methods in solving such problems [27]. The essence of these methods lies in simple elements which,
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DPSO Deterministic PSO
EA Evolutionary algorithm
ELPSO Enhanced leader PSO
EM Electromagnetism-like mechanism
EP Evolutionary programming
FF Fitness function
FLPRFNS Functional-link based Petri recurrent fuzzy neural system
FODPSO Fractional-order Darwinian PSO
GA Genetic algorithm
GEPSO General particle swarm optimization
GP Genetic programming
IPSO Immune PSO
LS-DF-PSO Line search-based derivative-free PSO
NC Natural computing
NPSO Negative PSO
PID Proportional–integral–derivative
PSO Particle swarm optimization
PSOPC PSO with passive congregation
SPSO Species-based PSO
RHDPSO Rotary hybrid discrete PSO
REPSO Repulsive PSO

when working together, can solve complicated problems powerfully. In general, NC methods can be divided into
three categories [27]: (1) Epigenesis; which is related to situations where a complicated structure is desired and it
is necessary to perform tentative learning, such as ANN in which the human brain is simulated as a complicated
system, (2) Phylogeny; which is related to EAs where competition between agents on survival of the fittest occurs,
as in GA [21], EP [2], GP [9], and DEA [43], and (3) Ontogeny; which is related to algorithms where a special
organism is adopted in its environment and its elements exhibit cooperative behavior. PSO is an example of this
type [8]. NC algorithms can be easily developed and customized for various applications, as they do not need
previous knowledge about the problem space. However, their main drawback is that they do not guarantee to
find the optimal solution and have non-deterministic nature in presenting and approximating solutions. Among the
abovementioned methods, the PSO algorithm has a simple but efficient nature and is able to accommodate novel
concepts related to multi-agent cooperation. It is proved to be a powerful rival for EAs, while benefiting from the
same interactive population notion as the GA. In many applications, PSO has been shown to be faster in converging
to near-optimum solutions than the GA [5]. Due to the high flexibility and adaptability of the PSO, it has been used
as the basis of numerous optimization methods. In fact, many researchers have tried to enhance the original PSO
through a wide variety of techniques, such as by improving the method of parameter tuning and updating, adopting
efficient strategies for accelerating convergence, introducing additional parameters into the system, and of course by
hybridization [6,29]. Through hybridization, various algorithms are combined to compensate for the drawbacks and
reinforce the strengths of each other, and PSO has been extensively integrated in hybrid optimization methods [6].

The PSO algorithm is currently one of the most frequently used meta-heuristics in solving optimization problems
such that the number of papers published on PSO highly increases each year. This population-based algorithm was
first introduced by Kennedy and Eberhart in 1995 [7], who used the idea of swarms in nature such as birds and fish.
PSO has some particles (solutions) which combine self-experiences with social experiences. The particles start their
‘fly’ from random positions in a search area and move in the search space towards a promising area to (hopefully)
reach the global optimum. The PSO algorithm has a main nested loop that terminates when the total number of
function evaluations (iterations) exceeds a certain limit or a minimum error threshold is achieved. In each function
evaluation, particles update their positions and fly to another position affected by a fitness function that assesses the
quality of each solution. The main variables in PSO include the best fitness value of each particle (pbest) and the
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best fitness value of the whole swarm (gbest), as well as some parameters including the inertia weight (for regulating
the global search), balancing factors (for balancing self- and social knowledge of particles), the constriction factor
(for limiting the velocity of the particles), and random numbers.

This paper proposes a new variant to the original PSO, called GEPSO, to enhance the capability of the PSO
algorithm by incorporating two new terms in order to efficiently update the velocities of the particles. These new
terms are inspired by REPSO and PSOPC algorithms. In addition, a new mechanism for adjusting the inertia weights
is presented. Extensive computational experiments showed the effectiveness of the adopted new terms and the
relative performance of the GEPSO compared to the original PSO and five variants of it, namely, Repulsive PSO
(REPSO), PSO with Passive Congregation (PSOPC), Negative PSO (NPSO), Deterministic PSO (DPSO), and Line
Search-Based Derivative-Free PSO (LS-DF-PSO).

1.2. Literature review

During the last two decades, numerous variations of the original PSO method have been introduced for various
applications, and regarding the weaknesses and strengths of each algorithm, their success in reaching optimal
or near-optimal solutions has been different from a problem to another. Some examples of such algorithms and
applications are Adaptive fuzzy PSO algorithm by [34]; a hybrid of PSO and a definite selection procedure
(EPSO) [23]; a vector-based PSO [28]; Set-based PSO [25] to determine ribonucleic acid secondary structure;
IPSO [20] for solving prediction and control problems; a hybrid of PSO and EM for designing FLPRFNS [19];
Chaos-embedded PSO [3] in order to tune the parameters of a PID controller; and CTB-PSO [16], in which
individuals within a swarm, as opposed to discrete behavior grouping, have traits based on a continuous scale.
Also, the hybrid GA-PSO [10] for curve fitting in manufacturing and the hybrid bare-bones PSO [41] for dynamic
economic dispatch are among some PSO-based hybridization algorithms. In addition, [15] has introduced ELPSO
for mitigating the premature convergence problem based on a five-staged successive mutation strategy. In 2015, a
new PSO algorithm with adaptive inertia weight used a Bayesian technique [42]. In the same year, a modified PSO
technique based maximum power point tracking for uniform and under partial shading condition [4]. In 2016, novel
stability based adaptive inertia weight for PSO was developed [35]. In 2017, a PSO algorithm with a new update
mechanism was developed in [17] and a novel improved PSO algorithm based on individual difference evaluation
was proposed in [12]. In 2018, correlation feature selection based improved-binary PSO for gene selection and
cancer classification was devised [14], and also a meta-optimization analysis of PSO velocity update equations for
watershed management learning was presented in [22]. Recently, Serani and Diez [31] studied the effects of using
random coefficients in PSO for ship hydrodynamics simulation-based design optimization.

In [30], we presented a new taxonomy of the attributes of PSO-based methods that covers 22 classes in four
general categories of variables, particles, swarm, and process. A general view of that taxonomy is presented in
Table 1, the details of which can be found in [30]. Also, in [38] we developed an Expert System to identify the
best-fitting variant of PSO (among 100 PSO-based algorithms) given the specifications of the problem at hand
(e.g., type of search space, type of variables, hybridization, the purpose of the application, etc.). Indeed, the new
PSO-based algorithm presented in the current paper was inspired after the evaluation of the different perspectives
of PSO-based algorithms in [30] and [38] and aims to overcome some of the weaknesses of current variants.

The problem of determining which existing algorithms with what parameters are able to solve a specific problem
more efficiently is a concern for researchers. According to the No Free Lunch (NFL) theory, two optimization
algorithms are equivalent whenever their performance is averaged across all possible problems. In other words,
assigning each problem to a particular algorithm reduces the burden cost than using a fixed algorithm for all of the
problems [38].

Many papers have been published so far in which a limited number of PSO-based methods were compared
for a specific problem. For instance, Tao et al. [37] compared the ability of RHDPSO in overcoming the
premature convergence and local optimum issues with the discrete PSO algorithm and the results showed the
advantage of RHDPSO. In order to evaluate the effectiveness of FODPSO in solving multilevel image segmentation
problems, [11] compared the FODPSO with SPSO and original PSO methods. In [33], a parameter selection is
proposed in synchronous and asynchronous DPSO for ship hydrodynamics problems. It shows that the performance
of the DPSO is mainly dependent on the selected parameters for the implementation of the algorithm. In [32], a
globally convergent hybridization of PSO using line search-based derivative-free techniques is proposed that is
referred to as LS-DF-PSO. It uses exact and heuristic derivative-free methods for global unconstrained optimization
problems.
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Table 1
Taxonomy of the attributes of PSO-based algorithms [30].

Category Attribute

Variables Constrainment (Constrained | Unconstrained); Stochasticity (Deterministic | Stochastic), Type (Continuous | Integer |

Continuous + Integer); VelocityType (Restricted | Unrestricted Velocity | Vertical Velocity | Limited Velocity | Escape
Velocity | Adaptive Velocity); Fuzziness (Fuzzy | Crisp); Space Continuity (Continuous | Discrete | Binary).

Particles Accordance (Adaptive | Dissipative | Adaptive + Dissipative); Attraction (Attractive | Repulsive | Attractive +
Repulsive); Association (Aggregation | Passive | Active | Congregation | Social); Dynamics (Newtonian | Quantum);
Hierarchy (Hierarchical | Non-hierarchical); Mobility (Static | Dynamic); Synchronicity (Synchronous | Asynchronous);
Trajectory (Positive | Negative);

Swarm Cooperation (Cooperative | Non-cooperative); Topology (Gbest | Lbest | Pyramid | Star | Small | VISbest | Random
Graphs); Activity (Active | Passive); Divisibility (Divided | Undivided)

Process Recursiveness (Recursive | Sideway); Hybridization (Genetic Algorithms | Ant Colony Optimization | Differential
Evolution | Immune Systems | Neural Networks); Objective (Single | Multiple); User Interaction (Interactive |

Non-Interactive)

1.3. Contributions and organization

The proposed new GEPSO method benefits from an improved velocity update formula that enhances diversi-
fication in the search space and prevents premature convergence. In addition, a new dynamically evolving inertia
weight is proposed which intensifies the search procedure toward the objective in later function evaluations. Also,
we have extensively compared the GEPSO with six PSO-based methods, namely, original PSO, REPSO, PSOPC,
NPSO, DPSO, and LS-DF-PSO. Finally, the results are analyzed for 16 benchmark optimization functions.

The main advantages of GEPSO can be summarized as follows:

• A stronger interrelation between the particles is maintained compared to the original PSO,
• A better exploration of the swarm in various unexplored regions of the search space caused by random

velocities is realized,
• Additional parameters are introduced as factors in the velocity updating equation for performance enhance-

ment,
• The particle velocity updating formula is improved and a dynamic and adaptive inertia weight adjustment

mechanism is proposed.

The rest of the paper is organized as follows: the components of the proposed GEPSO method and the effects
of the terms and parameters are described in Section 2. Section 3 introduces five PSO-based algorithms that are
selected for comparison with the GEPSO, and describes the experimental results and comparisons between seven
PSO-based algorithms for 16 benchmark functions. Finally, conclusions and future research directions are presented
in Section 4.

2. The GEPSO algorithm

2.1. Original PSO

In the original PSO proposed by Eberhart and Kennedy, the position and velocity of any particle are updated as
follows [7], the symbols of which are defined in the Nomenclature:

Prtposi
j = Prtposi−1

j + Prtvel i
j ∀i ∈ Ni ter ,∀ j ∈ Np (1)

Prtvel i
j = wPrtvel i−1

j + c1r i
1

(
pbest i−1

j − prtposi−1
j

)
+ c2r i

2

(
gbest i−1

− prtposi−1
j

)
∀i ∈ Ni ter ,∀ j ∈ Np (2)

The cognitive and collective acceleration factors (c1, c2) balance the effect of self-knowledge and social
knowledge on the particles’ movement towards the goal. The inertia weight w regulates the global search behavior,
usually preset at the beginning of the search process with a range suggested to be 0.2 to 0.4 and dynamically
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reduced during the optimization (which means a deeper local search behavior). Dynamic adjustment of the inertia
weight has some advantages: first, it causes faster convergence to an optimal solution, and second, it controls the
effect of preceding part velocities on current velocities, hence adjusting the tradeoff between the capability of the
swarm in local and global exploration.

2.2. GEPSO

In this paper, in order to improve the performance of the original PSO and in fact, to increase its efficiency, the
Generalized PSO (called GEPSO) is proposed which enhances the particle velocity updating formula and provides
a dynamic inertia weight adjustment mechanism. While the position updating equation in GEPSO is the same as
in the original PSO, the velocity updating equation is modified by adding two new terms, as follows:

Prtvel i
j = ψ

[
wi

1 Prtvel i−1
j + w2c1r i

1

(
pbest i−1

j − prtposi−1
j

)
+ w3α1c2r i

2

(
gbest i−1

− prtposi−1
j

)
+w4α2c3r i

3

(
pbest i−1

rand − prtposi−1
j

)
+ w5α3c4r i

4 Prtvelrand

]
∀i ∈ Ni ter ,∀ j ∈ Np (3)

The first term of (3) denotes the previous velocity of a particle, which produces the momentum needed for its flying
across the search space. The second term, which is known as the cognitive component, simulates the ‘personal’
experience of a particle and encourages it to fly towards the best position (pbest) it has found up until the current
function evaluation. The third term, called the collective component, simulates the effect of particles’ cooperation in
finding the global optimum and drives a particle towards the best position ever found among all of the members of
the swarm (gbest). The fourth term, which we have added as a new term and call it random self-cognition, pushes
a particle towards a randomly-selected best position found by other particles (pbest i−1

rand ), which in fact provides for
other particles an opportunity to randomly share their knowledge during velocity updating. The fifth term is again
a new term introduced here and incorporates the effect of a random velocity parameter (Prtvelrand ), thus leading
to an increased variety in the swarm on one hand, and a more effective movement of the swarm in narrow and
complex search spaces on the other hand.

In the proposed algorithm, the inertia weight factor is employed in all terms in (3) in the form of w1 to w5. Also,
in all terms, except for the first term (velocity in previous function evaluation), acceleration constants c1 to c4 are
utilized. The procedure described in (4) is employed to dynamically update the inertia weight w1 in each function
evaluation:

wi
1 = min

{
wmin, w

i−1
1 −

[
(wmax − wmin)

i termax
i( f

(
gbest i−1)

− f
(
gbest i−2))]} ∀i ∈ Ni ter (4)

Note that (4) is proposed as such for minimization problems and the (first) minus sign therein must change to plus
sign for maximization problems. The equation guarantees that during the search process, wi

1 will always be greater
than or equal to a minimal inertia value (wmin). Through this updating mechanism, wi

1 increases proportional to
the amount of the improvement of the swarm’s best fitness function compared with its previous function evaluation
(that is, when f

(
gbest i−1

)
− f

(
gbest i−2

)
< 0). As a result, the effect of the current velocity direction (Prtvel i

j in
the first term in (3)) augments when the gbest improves, which leads to deeper exploitation of the current solution.
On the other hand, wi

1 decreases whenever a worse fitness function value is obtained compared with the previous
function evaluation (i.e., when f

(
gbest i−1

)
− f

(
gbest i−2

)
> 0), which in turn discourages the particle to continue

along its previous direction Prtvel i
j , leading to more exploration of the search space.

It is also noted that the magnitude of the change in successive w1’s grows steadily since the term ( f
(
gbest i−1

)
−

f
(
gbest i−2

)
) is multiplied by a normalized factor (wmax −wmin)

i termax
× i that gradually increases as the number of elapsed

iterations (i) increments. This means that the factor is small in early iterations (as i is small), and so the algorithm’s
behavior is more exploration-like (diversification), whereas in later iterations (when i approaches i termax ) the factor
becomes larger, which scales up the amount of fitness improvement and encourages the particle to move along its
current velocity vector, leading to an exploitation-like (intensification) behavior. For the first iteration, the value of
w0

1 is set to wmin (suggested to be 0.2).
Furthermore, we introduce an updated formula for the constriction parameter ψ as in (5), and the particles’

positions and velocities are initialized as in (6) and (7) in which the xk,min and xk,max are respectively the minimum
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Fig. 1. Depiction of a particle’s velocity update in GEPSO, which is the sum of five vectors. Note the parallel vectors.

and maximum values of the kth coordinate of the particles [24].

ψ =
2⏐⏐2 − (c2+c3)2 − 5(c2+c3)

⏐⏐ (5)

Prtpos0
j (xk) = xk,min + randxk,max ∀ j ∈ Np, k ∈ Nk (6)

Prtvel0
j (xk) = Prtpos0

j (xk)+ γk ∀ j ∈ Np, k ∈ Nk (7)

Fig. 1 illustrates a schematic view of updating the position of a particle in two successive function evaluations
(iterations) of the GEPSO algorithm. Also, the overall procedure of the GEPSO is presented in Fig. 2.

2.3. The velocity terms in GEPSO

A notable feature of the GEPSO algorithm is the stronger interrelations between the particles than in the original
PSO (due to the fourth term in (3)), which causes the swarm to converge toward better quality solutions more
rapidly. Also, the effect of random velocities (due to the fifth term in (3)) causes a better exploration of the swarm
in various unexplored regions of the search space. Although the last two terms of velocity updating formula are
the most visible novelty in the GEPSO, the introduced additional parameters multiplied in the first three terms also
contribute to performance enhancement of the algorithm.

In the following, the role of each term in the velocity update formula of GEPSO is described:

The first term: The wi
1 in this term is the inertia weight, which changes dynamically from a large value to a small

value, thus causing better global search (exploration) in early function evaluations, and then better local search
(exploitation) in later function evaluation. As a result, a tradeoff between global and local searches is obtained
which leads to convergence towards better, near-optimal solutions. A similar tradeoff view has been provided in
BPSO [42]. Another function of wi

1 is controlling the impact of particle’s previous velocity Prtvel i−1
j on its current

velocity, therefore providing the momentum needed for flying the particle in the whole search space.

The second term: This term, also known as the cognitive component, simulates the accumulation of ‘experience’ in
a particle and encourages the particles to fly towards the best position they have found so far. Particularly, c1 in this
term is known as ‘cognitive acceleration factor’ and has a role of balancing the impact of each particle’s individual
intelligence. The parameter w2, which is used in the cognitive part for the first time, represents the momentum of a
particle’s individual intelligence in determining its next position. It is worth noting that by multiplying the random
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Fig. 2. Pseudocode of the GEPSO.

value of r i
1 ∈ (0, 1), which is different in various function evaluations, this paper tries to increase the diversification

ability of the algorithm and search for more unexplored regions of the search space.

The third term: This is the impact of the whole swarm’s intelligence on determining the next positions of individual
particles. The parameter w3 is used here as the momentum of this impact and c2 plays the role of regulating the
impact of swarm intelligence on the particle. The α1 regulates the probability of using this term. The role of the
parameter r i

2 ∈ (0, 1) is the same as r i
1 in the preceding term.

The fourth term: This newly-introduced term relates the last position of a particle with the best position of random
particles. As a result, a stronger interrelation between particles, and hence in the whole swarm, is created in a positive
way, meaning that each individual particle benefits from the best cognitive experience of another particle in each
function evaluation. The resulting effect, on one hand, is a higher probability in converging toward good solutions,
and higher diversification of the search process on the other hand. The parameter w4 determines the momentum of
this term in determining the next position of the particle. The probability of utilizing this effect is regulated by α2.
Also, r i

3 ∈ (0, 1) has the same role as the previous ones.

The fifth term: This term incorporates a random velocity that contributes to increasing the power of exploring the
space and preventing the algorithm from being trapped in local optima. In this term, w5 is the momentum of random
velocity impact on the particle’s global movement, c4 has the role of balancing the impact of random velocity, α3

is this term’s impact percentage with respect to the impacts of the preceding two terms. The role of r i
4 ∈ (0, 1) is

the same as in [3].

2.4. Evaluating the effects of the parameters in them.

The parameters of meta-heuristic algorithms have a significant effect on the efficiency and effectiveness of the
search for a particular problem [1,36]. There may be many options for such factors for a given problem. Therefore,
using an appropriate parameter tuning to find the best values from among many alternatives can produce better
solutions for a given problem. In Table 2 we have described the function of each of the parameters in the GEPSO
and have provided their best ranges as well as some guidelines for tuning them according to the conditions of the
problem and the search process after extensive experiments on various problems.
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Table 2
Parameters of the GEPSO and guidelines for tuning them.

Symbol Function Suggested
range

Conditions for increase (▲) and decrease (▼)

c1 Attracts the particle’s position towards its pbest [1.5, 4] ▲ High velocity and acceleration of particle
movements are required
▼ Low velocity and acceleration of particle
movements are required

c2 Attracts the particle’s position towards gbest
c3 Attracts the particle’s position towards the pbest

of a particle selected randomly
c4 Controls the randomness of the prtvel

wi
1 Maintains the particle’s current velocity [0.2, 2] Tuned dynamically according to Eq. (4)

wi
2 to wi

4 Control the effects of their multiplicands in the
overall new prtvel

[0.4, 0.9] ▲ Local exploitation is emphasized
▼ Global exploration is emphasized

wi
5 Controls the effect of a random prtvel [0.4, 0.9] ▲ Global exploration is emphasized

▼ Local exploitation is emphasized

α1 Controls the influence of the gbest [0, 5] ▲ Greedy convergence for solving
non-complicated objective functions is required.
▼ Cautious convergence when solving complicated
objective functions is required.

α2 Controls the influence of the pbest of a particle
selected randomly

[0, 3] ▲ Cautious convergence is required when solving
complicated objective functions
▼ Greedy convergence for solving
non-complicated objective functions

α3 A random factor for prtvel [0, 3] ▲ Moving in farther distances from the primary
position of particles (progressive motions) is
required.
▼ Moving in closer distances to the primary
position of particles (conservative motions) is
required.

Np Number of particles [10, 103] ▲ More accuracy in reaching the goal in more
time
▼ Less accuracy in reaching the goal in less time

itermax Maximum number of function evaluations [10, 104] ▲ More accuracy in optimizing the selected
function spending more time
▼ Less accuracy in optimizing the selected
function but with higher speed

3. Comparison with other algorithms

The effectiveness and efficiency of the proposed GEPSO have been compared with the original PSO and five
other PSO-based methods, REPSO, PSOPC, NPSO, DPSO, and LS-DF-PSO, which are briefly explained below:

REPSO [18]: The Repulsive PSO algorithm belongs to the class of stochastic evolutionary optimizers. There are
several different realizations of REPSO, and common to all realizations is the repulsion between particles. In the
repulsion mechanism, particles move away from positions that are seen as best and thus explore new areas of the
search space. This can prevent the swarm from being trapped in local optima, which would cause a premature
convergence and would lead the algorithm to fail in finding the global optimum. When the desired diversity level is
reached, the algorithm tries to switch back to the attraction phase to exploit the newly-explored areas. The particles’
velocities in REPSO are updated as indicated in Table 3.

PSOPC [13]: Swarms in nature keep their collective shape under two types of grouping forces: Aggregation, and/or
Congregation. Aggregation may be either (1) Passive, in which a passive (not self-moving) swarm moves under a
physical force (like a swarm of planktons floating on the water such that the flow of water keeps them together), and
(2) Active, which is realized by an absorbent source such as food or water. On the other hand, the Congregation is
the absorbent supply or the group force by self, which is not by external and physical factors. The Congregation too
may be either (1) Passive, in which there is an attraction from one particle to others but is not shown through a social
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Table 3
The comparison of the velocity updating in original PSO, REPSO, PSOPC, NPSO, DPSO, and LS-DF-PSO.

Variants of the PSO Velocity updating equation, Prtvel i
j

Original PSO
[
wPrtvel i−1

j + c1r1

(
pbest i−1

j − prtposi−1
j

)
+ c2r2

(
gbest i−1

− prtposi−1
j

)]
REPSO

[
wPrtvel i−1

j + c1r1

(
pbest i−1

j − prtposi−1
j

)
+ wc2r2

(
gbest i−1

− prtposi−1
j

)
+ wc3r3 Prtvelrand

]
PSOPC

[
wPrtvel i−1

j + c1r1

(
pbest i−1

j − prtposi−1
j

)
+ c2r2

(
gbest i−1

− prtposi−1
j

)
+ c3r3(prtposi

rand − prtposi−1
j )

]
NPSO

[
wPrtvel i−1

j + c1r1

(
prtposi−1

j − pworst i−1
j

)
+ c2r2

(
prtposi−1

j − gworst i−1
j

)]
DPSOa ψ1

[
Prtvel i−1

j + c1

(
pbest i−1

j − prtposi−1
j

)
+ c2

(
gbest i−1

− prtposi−1
j

)]
LS-DF-PSOb ψ1

[
Prtvel i−1

j + c1

(
pbest i−1

j − prtposi−1
j

)
+ c2

(
gbest i−1

− prtposi−1
j

)]
aDetails of the calculation of the ψ1 can be found in [33].
bDetails of the velocity updating are explained in [32].

behavior, and (2) Social, in which there is a social behavior among the particles that strongly relates them to each
other. When in some groups there is a selfish behavior in information sharing (like in fish school), that may lead to
forming a passive group. A passive swarm model can be added to the PSO in order to increase its efficiency, which
results in the PSO with Passive Congregation (PSOPC) algorithm. The velocity in PSOPC is updated as shown in
Table 3.

NPSO [39]: Negative PSO (NPSO) is a modified form of the original PSO with a strategy to avoid a particle’s
previous worst solution and its group’s previous worst based on similar formulas of the original PSO. These terms,
however, are utilized with negative signs in the velocity updating equation. In other words, this process tries to get
farther from the worst instead of getting closer to the best. The velocity updating equation in NPSO is shown in
Table 3.

DPSO [33]: Among deterministic methods, Deterministic PSO (DPSO) has numerous attractive characteristics such
as the simplicity of the heuristics, the ease of implementation, and its often fairly remarkable effectiveness. The
performances of DPSO depend on four main setting parameters: the number of swarm particles, their initialization,
the set of coefficients defining the swarm behavior, and (for box-constrained optimization) the method to handle
the box constraints. This version of the PSO is more applied in simulation-based designs and does not use random
numbers in the velocity updates formula, as displayed in Table 3.

LS-DF-PSO [32]: This hybrid algorithm combines the attractive properties of the Line Search-based Derivative-Free
(LS-DF) exact method with the PSO meta-heuristic method. LS-DF is capable of finding the global best solution
while PSO finds a local optimum in shorter times, and thus hybridizing those two creates a powerful algorithm that
is both effective and efficient. This algorithm uses a direct method for updating the particles’ positions, without
computing their velocities first.

The reasons for selecting the abovementioned algorithms for comparing with the GEPSO are as follows:

(1) The basic PSO originally developed by [7] is a benchmark algorithm usually tested against any new PSO-based
algorithm developed afterward,

(2) The particle velocity update formula in REPSO has the term (Prtvelrand ) among others which is also used
in GEPSO (as its fifth term), and by comparing the GEPSO and REPSO, we are able to assess the effect of
the proposed fourth term and other introduced parameters,

(3) The PSOPC uses a term for attracting a particle toward the position of a random particle in the previous
function evaluation, while in GEPSO there is a term for attracting a particle toward the best position of a
random particle so far, thus comparisons are made to test the effect of this difference among others,

(4) While in the GEPSO diversification and exploration of unknown regions of the search space is secured by using
the fourth and fifth terms in the velocity update formula, diversification in NPSO is done through a ‘reverse’
mechanism, realized by repelling the particles away from their worst positions, which causes the particles not
to converge toward gbests and pbests, and in this way explore other regions of the search space. We wanted to
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compare the diversification power of the GEPSO with that of the NPSO algorithm, which particularly focuses
on this issue,

(5) The simplicity and speed of convergences of the DPSO are two important motivations for comparing GEPSO
with it, and through that, the effect of random elements in GEPSO are also compared to the case when no
randomness is introduced into the PSO, and

(6) Comparing the GEPSO with LS-DF-PSO can test its efficacy against a hybrid and comprehensive algorithm.

4. Computational experiments and analysis

The computational experiments were done by solving minimization problems of 16 standard benchmark
functions, namely, Sphere, Griewank, Rastrigin, Schaffer, Ackley, Quintic, Bukin’s, Goldstein–Price, Modified
RCOS, Generalized Schwefel, Alpine, Dixon–Price, Pathological, Powell, Vincent, and Zacharov [33]. Table 4
shows the details of these benchmark functions. All algorithms were coded in MatlabTM and run on an Intel CoreTM

2 Duo 2 GHz CPU with 4 GB of RAM.
Before the experimentation, the parameters of the algorithms were tuned and set for each benchmark function, as

shown in Table 5. For all algorithms (except for DPSO and LS-DF-PSO algorithms), the population size was set to
100 particles. Considering the stochastic behavior of the methods (except for DPSO and LS-DF-PSO algorithms),
each benchmark function was solved up to 10, 100, 1000, and 10,000 fitness function evaluations (iterations) by each
algorithm, after which a number of performance metrics were measured and reported. For DPSO and LS-DF-PSO
algorithms, the population size and other parameters are set up based on [33] and [32], respectively.

Following a trial-and-error parameter tuning, the parameters of the GEPSO algorithm are set for each benchmark
function. Table 5 shows the parameters of the used algorithms in this paper.

Considering the stochastic behavior of the algorithms (except DPSO and LS-DF-PSO), each benchmark function
was solved 10 000 times (runs). To better assessment of the efficiency of the algorithms, the various number of
the function evaluations (iterations) are taken into account that are 10, 100, 1000, and 10 000. For computational
results, in addition to the average runtime of each algorithm per each benchmark function, means (µ) and standard
deviations (σ ) of the best fitness obtained by each algorithm per each problem was calculated. Also, three other
performance criteria (metric), i.e., ∆x, ∆f, and ∆t which were adapted from [33] and are defined as follows were
computed:

∆x =

√ 1
d

d∑
i=1

(
xi,min − x∗

i,min

|ui − li |

)2

(8)

∆ f =
fmin − f ∗

min

f ∗
max − f ∗

min
(9)

∆t =

√
∆x2 + ∆ f 2

2
(10)

in which ∆x represents the normalized Euclidean distance between the minimum position found by the algorithm
(xmin) and the global minimum position (x∗

min), xi,min is the position of the ith variable at the best-found solution,
x∗

i,min is the position of the ith variable at the global minimum solution, d is the dimension of the problem (i.e., the
number of decision variables), and ui and li are respectively the upper and lower limits of the ith variable. ∆f is
the associated normalized distance in the solution landscape, in which fmin is the minimum found by the algorithm,
and fmin

∗ and fmax
∗ are respectively the global minimum and maximum of the function f (x) in its domain. Finally,

∆t is a combination of ∆x and ∆f and is used for overall assessment.
Table 6 presents the average runtimes, means, standard deviations, as well as the ∆x, ∆f, and ∆t criteria for all

algorithms and 16 benchmark functions. The overall average and standard deviation performance among benchmarks
for each metric per each algorithm are also shown in the last two columns of Table 6. As the results in Table 6 show,
the GEPSO algorithm is better than other algorithms in the term of runtime. For instance, for the Quintic function,
was relatively better than original PSO, RESPO, PSOPC, NPSO, DPSO, and LS-DF-PSO by 18.3%, 18.1%, 33%,
26%, 22.5%, and 12%, respectively. These results for average of runtime among all benchmark functions were
16%, 9%, 14.8%, 14.9%, 12% and 12.2%. For ∆t term, GEPSO was relatively better than original PSO, RESPO,
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Table 4
The solved benchmark functions.

Function Mathematical equation Global minimum

Sphere f1 =

d∑
i=1

x2
i

f1(x∗) = 0 at
x∗

= (0, . . . , 0)

Griewank f2 =

d∑
i=1

x2
i

4000
−

d∏
i=1

(
1 + cos(

xi
√

i
)
)

f2(x∗) = 0 at
x∗

= (0, . . . , 0)

Rastrigin f3 = 10d +

d∑
i=1

(
x2

i − 10 cos (2πxi )
) f3(x∗) = 0 at

x∗
= (0, . . . , 0)

Schaffer 6 f4 = 0.5 +

sin2
(√

x2
1 + x2

2

)
− 0.5

(1 + 0.001(x2
1 + x2

2 ))2
f4(x∗) = 0 at
x∗

= (0, 0)

Ackley f5 = 20 + e − 20e−0.2
√

1
d
∑d

i=1 x2
i − e

1
d
∑d

i=1 cos(2πxi ) f5(x∗) = 0 at
x∗

= (0, . . . , 0)

Quintic f6 =

d∑
i=1

⏐⏐⏐x5
i − 3x4

i + 4x3
i + 2x2

i − 10xi − 4
⏐⏐⏐, d = 50

f6(x∗) = 0 at
x∗

= (−1, . . . ,−1)

Bukin 6 f7 = 100
√x2 − 0.01x2

1

+ 0.01 ∥x1 + 10∥
f7(x∗) = 0 at
x∗

= (−10, 1)

Goldstein–Price
f8 = [1 + (x1 + x2 + 1)2(19 − 14x1 + 3x2

1 − 14x2 + 6x1x2 + 3x2
2 )]·

[30 + (2x1 − 3x2)2(18 − 32x1 + 12x2
1 + 48x2 − 36x1x2 + 27x2

2 )]
f8(x∗) = 3 at
x∗

= (0,−1)

Branin’s RCOS 2
f9 =

−1
(g1 + g2 + g3 + 10)

; g1 =

(
x2 −

5.1
4π2 x2

1 +
5x1

π
− 6

)2

;

g2 = 10
(

1 −
1

8π

)
cos(x1) cos(x2); g3 = log(x2

1 + x2
2 + 1).

f9(x∗) = −0.179891239 at
x∗

= (−3.19698842, 12.52625788)

Generalized Schwefel 2.26 f10 = −
(
x1 sin

√
|x1|

)
−
(
x2 sin

√
|x2|

) f10(x∗) = −837.9658 at
x∗

= (420.9687, 4209687)

Alpine 1 f11 =

d∑
i=1

|xi sin xi + 0.1xi |, d = 50
f11(x∗) = 0 at
x∗

= (0, . . . , 0)

Dixon–Price f12 = (x1 − 1)2 +

d∑
i=2

i
(

2x2
i − xi−1

)2
, d = 50

f12(x∗) = 0 at

x∗

i = 2
−

(
1−

1
2i−1

)

Pathological f13 =

d−1∑
i=1

⎡⎢⎣0.5 +

sin2
(√

100x2
i + x2

i+1

)
− 0.5

1 + 0.001
(
x2

i − 2xi xi+1 + x2
i+1

)2
⎤⎥⎦, d = 50

f13(x∗) = 0 at
x∗

= (0, . . . , 0)

Powell Singular f14 =

n/4∑
i=1

[
(x4i−3 + 10x4i−2)

2
+ 5 (x4i−1 − x4i )

2
+

(x4i−2 − 2x4i−1)
4
+ 10 (x4i−3 − x4i )

4

]
, n = 48

f14(x∗) = 0 at
x∗

= (3,−1, 0, 1, . . . , 3,−1, 0, 1)

Vincent f15 = −
1
d

d∑
i=1

sin (10 log xi ), d = 50
f15(x∗) = −1 at
x∗

i = m · e0.1 sin−1(1), m = 1, 5, 9, . . .

Zakharov f16 =

n∑
i=1

x2
i +

(
1
2

n∑
i=1

i · xi

)2

+

(
1
2

n∑
i=1

i · xi

)4

, n = 50
f16(x∗) = 0 at
x∗

= (0, . . . , 0)

PSOPC, NPSO, DPSO, and LS-DF-PSO by 4%, 7%, 6%, 8%, 65 and 4.5% respectively, which shows that LS-
DF-PSO also proved to be comparably effective. Considering the standard deviation of results among benchmark
functions, GEPSO was relatively better than original PSO, RESPO, PSOPC and DPSO by 20%, 29%, 29%, 7%. In
addition, from the mentioned standard deviation, GEPSO was similar to NPSO and 9% worse than the LS-DF-PSO.
Other similar comparisons can be extracted from Table 6.

For a more specific analysis of the performance of the GEPSO, consider the Generalized Schwefel function that
is depicted in Fig. 3.
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Table 5
Parameters of the compared algorithms.

PSO variant Parameters

Original PSO c1 = c2 = 3, w = 0.5
REPSO c1 = c2 = c3 = 3, w = 0.5
PSOPC c1 = c2 = c3 = 3, w = 0.5
NPSO c1 = c2 = 3, w = 0.5
DPSO c1 = 2.050, c2 = 2.050, ψ1 = 0.729 as defined in [33]
LS-DF-PSO hk = 1, γ = 10−3, θ = 0.5, αk = 0.25 as defined in [32]
GEPSO c1 = c2 = c3 = c4 = 3, α1 = 3, α2 = 2, α3 = 2, w2 = w3 = w4 = w5 = 0.5

Fig. 3. The generalized Schwefel function in 2D.

This function has a uniform random nature and its local optima are scattered all over the search space. In order
to effectively solve this problem that has a rugged landscape, a search algorithm must have proper intensification
abilities to ensure finding a good local optimal solution quickly. On the other hand, the algorithm needs to implement
an efficient diversification scheme for better investigation of unexplored regions. Thanks to better interrelations
between the particles in the GEPSO (due to the random self-cognition component), it managed to converge to
optimal solutions in a timely manner. Moreover, the effects of random velocities and the dynamic and adaptive
inertia updating mechanism reinforced the exploratory ability of the GEPSO in narrow and complex areas of the
function. By benefiting from such intensification and diversification abilities, GEPSO attained significantly lower
errors compared to the other algorithms.

To perform a deeper analysis on the effects of the additional terms in GEPSO on finding the optimal solution,
four scenarios were designed and evaluated: (1) GEPSO without adaptive inertia updating and without fourth and
fifth terms in the velocity updating equation, (2) GEPSO with adaptive inertia updating but without the fourth and
fifth terms in the velocity updating equation, (3) GEPSO with adaptive inertia updating, with the fourth term, but
without the fifth term in the velocity updating equation, and (4) full GEPSO with adaptive inertia updating and all
terms. Table 7 shows the means, standard deviations of the minimal (optimal) solutions, and other metrics of the
Sphere function for the abovementioned scenarios obtained after 10,000 runs. The results show that the additional
terms incorporated into the velocity update formula improved all of the performance metrics (smaller is better).

More specifically, the following observations were made:

• The net effect of adaptively changing the inertia weight (wi
1) (i.e., Scenario 2 vs. 1) was an improvement of

the µ, σ , ∆x, ∆f, and ∆t by 10.7%, 5.9%, 0.5%, 1.3%, and 0.58%, respectively, with the highest impact on
µ.

• The net effect of adding the fourth term to the velocity updating formula (i.e., Scenario 3 vs. 2) was an
improvement of the µ, σ , ∆x, ∆f, and ∆t by 6.5%, 19.8%, 1.04%, 2%, and 1.7%, respectively, with the
highest impact on σ .

• The net effect of adding the fifth term to the velocity updating formula (i.e., Scenario 4 vs. 3) was an
improvement of the µ, σ , ∆x, ∆f, and ∆t by 13.7%, 7.3%, 1.05%, 0.68%, and 0.59%, respectively, with
the highest impact on µ.
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Table 6
The metrics of the solved benchmark functions. Reported times are seconds ×103.

Method Criteria Benchmark functions Average SD

Sphere Griewank Rastrigrin Schaffer Ackley Quintic Bukin’s Goldstein-
Price

Modified
RCOS

Alpine Dixon–Price Pathological Powell Vincent Zacharov Generalized
Schwefel

PSO

Runtime 2.281 2.113 1.822 2.376 2.521 2.171 2.127 2.159 1.964 2.867 2.333 2.891 2.379 1.952 2.972 2.181 2.319 0.342
∆x 0.192 0.182 0.211 0.173 0.201 0.218 0.164 0.195 0.189 0.196 0.202 0.194 0.211 0.189 0.179 0.199 0.193 0.014
∆f 0.152 0.157 0.161 0.135 0.162 0.173 0.129 0.157 0.137 0.147 0.167 0.155 0.197 0.149 0.134 0.147 0.154 0.017
∆t 0.173 0.170 0.188 0.155 0.183 0.197 0.148 0.177 0.165 0.173 0.185 0.176 0.204 0.170 0.158 0.175 0.175 0.015

REPSO

Runtime 2.121 1.984 1.943 2.0157 2.657 2.166 1.896 2.324 2.136 3.014 1.899 2.191 2.455 2.014 1.473 1.862 2.134 0.356
∆x 0.198 0.191 0.223 0.191 0.242 0.234 0.198 0.202 0.194 0.203 0.194 0.204 0.186 0.196 0.186 0.187 0.202 0.017
∆f 0.149 0.154 0.192 0.143 0.201 0.194 0.157 0.167 0.168 0.169 0.149 0.169 0.142 0.178 0.143 0.145 0.164 0.019
∆t 0.175 0.173 0.208 0.169 0.222 0.215 0.179 0.185 0.181 0.187 0.173 0.187 0.165 0.187 0.166 0.167 0.184 0.017

PSOPC

Runtime 1.989 1.883 2.171 2.650 1.885 2.653 2.177 2.233 2.178 2.681 1.883 2.333 2.982 2.979 1.762 2.135 2.286 0.392
∆x 0.186 0.193 0.174 0.191 0.213 0.196 0.189 0.243 0.196 0.182 0.197 0.214 0.192 0.201 0.197 0.198 0.198 0.016
∆f 0.144 0.154 0.132 0.144 0.198 0.157 0.137 0.187 0.147 0.142 0.156 0.196 0.154 0.191 0.153 0.149 0.159 0.022
∆t 0.166 0.175 0.154 0.169 0.206 0.178 0.165 0.217 0.173 0.163 0.178 0.205 0.174 0.196 0.176 0.175 0.179 0.017

NPSO

Runtime 1.934 1.972 2.034 4.167 2.061 2.394 2.035 2.176 2.069 2.732 1.855 2.032 2.982 2.561 1.364 2.272 2.290 0.625
∆x 0.196 0.203 0.198 0.193 0.214 0.197 0.201 0.199 0.195 0.193 0.223 0.201 0.196 0.206 0.196 0.187 0.200 0.009
∆f 0.154 0.187 0.157 0.153 0.187 0.156 0.179 0.143 0.149 0.146 0.189 0.167 0.155 0.179 0.163 0.143 0.163 0.017
∆t 0.176 0.195 0.179 0.174 0.201 0.178 0.190 0.175 0.174 0.171 0.207 0.185 0.177 0.193 0.180 0.166 0.182 0.012

DPSO

Runtime 2.351 2.189 2.097 2.594 2.324 2.287 2.374 2.587 1.863 2.517 1.995 1.446 2.217 1.891 2.406 2.297 2.215 0.301
∆x 0.193 0.207 0.194 0.191 0.184 0.195 0.183 0.208 0.193 0.185 0.199 0.175 0.195 0.192 0.213 0.185 0.193 0.010
∆f 0.162 0.183 0.161 0.152 0.162 0.163 0.159 0.184 0.147 0.142 0.183 0.141 0.170 0.156 0.196 0.141 0.163 0.017
∆t 0.178 0.195 0.178 0.173 0.173 0.181 0.171 0.196 0.172 0.165 0.191 0.163 0.183 0.175 0.202 0.164 0.179 0.013

LS-DF-PSO

Runtime 1.912 2.256 2.184 2.434 2.586 2.025 2.228 2.191 2.326 2.847 1.995 1.857 2.306 1.487 2.534 2.312 2.218 0.322
∆x 0.188 0.186 0.212 0.195 0.207 0.196 0.187 0.194 0.185 0.196 0.187 0.193 0.216 0.196 0.184 0.191 0.195 0.010
∆f 0.156 0.143 0.180 0.151 0.183 0.152 0.140 0.151 0.144 0.152 0.141 0.155 0.182 0.152 0.145 0.154 0.155 0.014
∆t 0.173 0.166 0.197 0.174 0.195 0.175 0.165 0.174 0.166 0.175 0.166 0.175 0.200 0.175 0.166 0.173 0.176 0.011

GEPSO

Runtime 2.086 1.894 1.887 2.029 2.332 1.772 1.715 2.050 2.076 2.129 1.578 1.673 2.009 1.592 2.372 1.951 1.947 0.238
∆x 0.187 0.153 0.199 0.193 0.198 0.194 0.194 0.185 0.194 0.199 0.179 0.197 0.186 0.197 0.186 0.167 0.188 0.013
∆f 0.146 0.113 0.151 0.149 0.156 0.158 0.154 0.142 0.147 0.145 0.139 0.155 0.145 0.157 0.144 0.124 0.145 0.012
∆t 0.168 0.134 0.177 0.172 0.178 0.177 0.175 0.165 0.172 0.174 0.160 0.177 0.167 0.178 0.166 0.147 0.168 0.012
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Table 7
Means, standard deviations, and other metrics of the Sphere function for 10,000 runs.

Scenario Algorithm Metrics

µ σ ∆x ∆f ∆t

1 GEPSO − adaptive inertia updating − 4th term − 5th term in the
velocity updating formula (equivalent to the original PSO)

11.721 12.391 0.192 0.152 0.173

2 GEPSO + adaptive inertia updating − 4th term − 5th term in the
velocity updating formula

10.456 11.652 0.191 0.150 0.172

3 GEPSO + adaptive inertia updating + 4th term − 5th term in the
velocity updating formula

9.774 9.342 0.189 0.147 0.169

4 GEPSO + adaptive inertia updating + 4th term + 5th term in the
velocity updating formula

8.431 8.651 0.187 0.146 0.168

Fig. 4. The number of function evaluations (iterations) for the Sphere function at different levels of ∆f.

To evaluate the convergence speed of the GEPSO algorithm, the number of the function evaluations (iterations)
are investigated at three different values (levels) of the Associated Normalized Distance (∆f ) metric for the Sphere
function, as shown in Fig. 4. It can be seen that GEPSO reached the optimal solution faster than other algorithms.

We also investigated the effect of the number of function evaluations that are 10, 100, 1000, and 10,000 on
the quality of solutions of all algorithms and functions. In Fig. 5 the mean and standard deviation of the optimal
solutions represent the vertical axis and the numbers of fitness function evaluations represent the horizontal axis.
Fig. 5 shows how the algorithms did act in various function evaluations for selected benchmarks from 2 and n
variables categories. As expected, the higher the numbers of function evaluations, the better are the obtained results
for all algorithms.

Analysis of Fig. 5 also reveals that for the selected benchmark problems, no significant improvement could be
achieved by further increasing the maximum number of function evaluations above 10 000, and the results with
1000 function evaluations are almost equally satisfactory.

All the plots in Fig. 5 can also be summarized in Figs. 6 and 7 in a different way, where metrics including
∆x, ∆f and ∆t and runtimes (in seconds) of all 16 benchmark functions vs. the number of fitness evaluations
(iterations) are depicted. Interestingly, in Fig. 6 the PSOPC significantly improved its results after increasing the
function evaluations to 1000, while the GEPSO exhibited a consistent and robust behavior for different numbers of
function evaluations. Also, Fig. 7 shows how the algorithms spent computational time in higher function evaluations
where the performance of NPSO was particularly slowed down after 10,000 function evaluations whereas the other
algorithms had similar time growth patterns.

5. Conclusion

While being inspired by the original PSO algorithm, GEPSO tries to improve the search efficiency and
effectiveness through introducing some novelties in the velocity updating equation and an adaptive inertia weight
updating mechanism which regulates the diversification and intensification of the search at any time according to
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Fig. 5. Means and standard deviations of fitness function values of benchmark problems vs. number of function evaluations (iterations).
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Fig. 6. Comparison of the metrics (∆x , ∆ f , ∆t)values of PSO, REPSO, PSOPC, NPSO, DPSO, LS-DF-PSO and GEPSO in various
function evaluations (iterations).

the fitness value in the preceding two iterations. The newly added fourth and fifth terms increase the diversity of
the swarm, enhance the interrelation among the particles, as well as the capability of doing a more effective search
in complex (e.g., rugged and irregular) search spaces.

According to the computational results, GEPSO came up with better results in the performance metrics of
fitness functions, as well as average runtimes for solving 16 standard benchmark continuous minimization problems
compared to the PSO, REPSO, PSOPC, NPSO, DPSO, and LS-DF-PSO algorithms. As a result, GEPSO can be
considered as an efficient optimization tool for a variety of continuous optimization problems. Our future research
is focused on modifying the GEPSO to handle discrete combinatorial problems such as the Traveling Salesman
Problem and the non-attacking n-queens problems. Also, dynamic and adaptive tuning mechanisms can be proposed
for setting the values of control, acceleration, and convergence parameters as well.
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Fig. 7. Comparison of the runtimes of PSO, REPSO, PSOPC, NPSO, DPSO, LS-DF-PSO and GEPSO in various function evaluations
(iterations).
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