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1. Introduction and main results

Stochastic differential equations (SDEs) have been extensively and intensively studied in many branches, in order
to explain the comprehensive effects of interior interactions and noise perturbations, see Arnold (1974), Da Prato and
Zabczyk (2014), Friedman (1975), Ikeda and Watanabe (1989), Mao (1997), @ksendal (1998), Prévét and Rockner (2007).
One of the key issues in the study of SDEs is to consider the stability of SDEs, including the almost sure stability, the pth
moment stability and so on. During the past several decades, there have been many efforts to develop the stability theory
of stochastic ordinary differential equations (Arnold, 1974; Arnold and Schmalfuss, 2001; Kha'sminskii, 1980; Kozin, 1972;
Kushner, 1967; Mao, 1999, 1994) and stochastic evolution equations (Haussmann, 1978; Ichikawa, 1982, 1984; Leha et al.,
1999; Liu, 1997, 2019; Liu and Mao, 1998; Liu and Mandrekar, 1997; Taniguchi, 1995).

In the finite-dimensional case, Kozin (1972) considered the linear stochastic system and provided a solid foundation
for later developments. Also, Kushner (1967) developed the Lyapunov function theory to study strong Markov processes
and some control problems. In the meantime, Kha’sminskii (1980) completed a comprehensive work on the stochastic
stability theory for the solutions of It6 stochastic ordinary differential equations. For the subsequent research, the reader
is referred to Arnold (1974), Arnold and Schmalfuss (2001), Mao (1999, 1994) and others. In the infinite-dimensional
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case, the pioneer work was done by Haussmann (1978) for the linear stochastic system and Ichikawa (1982, 1984) for the
semilinear stochastic system, which leads to many subsequent studies, such as Chow (1982), Liu and Mandrekar (1997),
Leha et al. (1999), Liu (1997, 2019), Liu and Mao (1998) and Taniguchi (1995). The main tool used here is the Lyapunov
functional method, where a major difficulty is to construct suitable Lyapunov functions.

Besides the Lyapunov functional method, another important way of investigating the stochastic stability is to consider
the Lyapunov exponent, which has been applied in various stochastic systems, such as Arnold (1998), Arnold et al. (1983),
Chueshov (2002), (Furstenberg, 1963a,b), Kha’sminskii (1980) and Mohammed and Scheutzow (1996, 1997). Recently,
based on this method and the theory of RDSs, we have showed that the stochastic flow generated by SDEs possesses a
globally attracting random equilibrium, which produces the globally stable stationary solution, see Jiang and Lv (2018).
The main contribution in Jiang and Lv (2018) is that we established a criteria to guarantee the existence and global stability
of nontrivial stationary solutions. In addition, following the same argument and Remark 3 in Jiang and Lv (2018), we can
also obtain the global stability of the zero solution. However, to see our main results in Jiang and Lv (2018), we need
to assume that the nonlinear function in the drift term is bounded and monotone (or anti-monotone), which cannot be
weakened.

In this paper, we shall develop the method of Lyapunov exponents and present a program to deal with the stochastic
stability of SDEs. The main purpose of this paper is to consider the global stability of semilinear SDEs with multiplicative
white noise, without using the boundedness and monotonicity (or anti-monotonicity). To be specific, we will study the
following n-dimensional SDEs

dx(t) = [Ax(t) + g(x(t))]dt + Zakx(t)dBk(t) (1.1)
k=1

where B(t) = (Bi(t),...,Bn(t))" is an m-dimensional two-sided Brownian motion on the standard Wiener space
($2, #,P). Here, .# is the Borel o-algebra of 2 = (R, R™) = {w(t) is continuous, w(0) = 0, t € R}. In addition,
A = (Aj)axn is an n x n-dimensional matrix, g : R" — R" and o}y = (oi}‘)nxn are n x n-dimensional matrices for all
ke{l,...,m}

In what follows, we set the Euclidean norm |x| = (> [, Ixi%)? and |A| = (it X |A,-j|2)%, where x € R"
and A € R™". For convenience, we first need to introduce some notations. Let 6 denote the Wiener shift operator
defined by 6;w(-) = w(t 4+ -) — o(t) for all t € R, which is an ergodic metric dynamical system. Furthermore, define
P (t, w) = (Fj(t, w))nxn for all w € 2 to be the fundamental matrix of the following linear SDEs

m
dx(t) = AX(t)dt + Y oyxX(t)dB(t). (12)
k=1
It is easily seen that the stochastic flow (0, ¥) is a linear RDS generated by (1.2), see Arnold (1998), Chueshov (2002). To
prove our main results, we will make the following assumptions on A, g and oy, k=1, ..., m:

(A1) The top Lyapunov exponent of (6, ¥) is a negative real number. That is, there exists a constant A > 0 such that

1

2

e, o)l = D) It o)’ | <Rwe™ (13)

i=1 j=1

forall t > 0 and w € £2. Here, R € £'(2, #, P; R,) and

IRl ;1 = ER :/ R(w)P(dw).
2

(A2) g(0) = 0 and g is globally Lipschitz continuous, i.e.,
lg(x) — gl < Lix =yl (1.4)

LIRIl -1
Lo < 1.

for all x, y € R", where L > 0 is the Lipschitz constant satisfying —*~

Motivated by Jiang and Lv (2018), this paper is concerned with the global stability of the zero solution for (1.1). Define
¥(t, w, X) = x(t, w, X) to be the unique solution of (1.1) with the initial value x(0) = x € R", we can formulate our main
results.

Theorem 1.1. Assume that (A1) and (A2) hold, it follows that
lim ¥ (t,w,x) =0 (1.5)

t—o00

forallx € R" and w € £2.



X Lv Statistics and Probability Letters 180 (2022) 109257

Corollary 1.1. Assume that (A1) and (A2) hold, it follows that

(P) — lim y(t, 0, %) = 0 (1.6)
and
(IP)) - tllm 1/f(t» e—ta)a X) = 07 (17)

where the symbol (P) — lim stands for the limit in probability.

Remark 1.1. In Theorem 1.1, we do not assume that the matrix A is cooperative and g is bounded, monotone (or anti-
monotone), which cannot be removed in Jiang and Lv (2018). Moreover, the method used in the proof of Theorem 1.1 is
completely different from that in Jiang and Lv (2018).

Remark 1.2. By Theorem 1.1, for the global stability of (1.1), we do not need to construct Lyapunov functions and our
conditions (A1) and (A2) are explicit.

2. Proofs of Theorem 1.1 and Corollary 1.1

Proof of Theorem 1.1. Since (0, ¥) is a linear RDS, using the variation of constants formula (Mao, 1997, Theorem 3.1),
it follows easily that for all t > 0,

Y(t, w,X) = W(t, 0)x + (L, w)/ (s, 0)g(V(s, , x))ds
0

t
= P(t, w)X +[ w(t —s, Ow)g (¥(s, , x))ds. (2.1)
0
Note that |Mx| < ||M]|| - |x| for all x € R" and M € R™". Therefore, combining (2.1), (A1) and (A2), we have

W (t, o, x)| < [¥(t, 0| +

/ w(t —s, Ow)g (¥(s, o, x))ds

0

< R(w)e ™ |x| +L / e MIRG;0)| ¥ (s, w, x)|ds
0

t
= R(w)e ! |x| 4+ Le™™ / R(Osw)e™ |y (s, w, x)|ds (2.2)
0

forall t > 0 and w € £2. That is,
eMy(t, w, x)| < R(w)|x| + L/.[ R(Bsw)e™ |y (s, w, X)|ds. (2.3)
0
Let o(t, w, X) := e* |y (t, w, X)|, we see at once that
o(t, w, x) < R(w)|x| + L/[R(Gsa))go(s, w, X)ds,
0

which together with the Gronwall inequality implies that

o(t, w, x) < R(w)|x| exp (L/ R(Osa))ds> . (2.4)
0

This yields that

t
Y (t, w, x)] < R(w)|x| exp (—kt + L/ R(Gsw)ds> (2.5)
0

forall t > 0 and w € £2. In addition, using (A1) and the property that 0 is an ergodic metric dynamical system, it follows
from the Birkhoff-Khinchin ergodic theorem (see (Arnold, 1998, Appendix)) that
t

1
lim - | R(Bw)ds = ER = |IR| ;1 (2.6)

t—oo t 0

for all w eN.(~2, where 2 is a f-invariant set of full measure. Without loss of generality, we will still use the symbol 2
to denote 2, see Chueshov (2002, p. 13). By (2.6) and (A2), given any 0 < ¢ < % — |IRllz1 and @ € $2, there exists
T = T(w) > 0 such that for all t > T, we get

t
f R(6sw)ds < (IRl 21 + €)t,
0
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which together with (2.5) shows that
[W(t, . %)| < R@)Ix| exp [(L(IR]| ;1 + &) — A)t]
= R(w)|x| exp(—at), (2.7)
where o = A — L(||R|| .1 + €) > 0. This gives that for all w € £, [¥(t, w, x)] = 0 as t — oo. The proof is complete. O

Remark 2.1. The method in the proof of Theorem 1.1 can also be used to prove the global stability of nonlinear stochastic
functional differential equations, stochastic evolution equations and so on.

Proof of Corollary 1.1. Using Theorem 1.1, it is evident that (1.6) holds, due to the fact that the convergence almost
surely implies the convergence in probability. In addition, since the metric dynamical system 6 is a measure preserving
flow (see Chueshov (2002, p. 10)), we conclude that (1.7) holds. O

3. An example

Example 3.1. In order to show the validity of our assumptions (A1) and (A2), we will present an example to illustrate
our result. Let us consider the following three-dimensional stochastic feedback system
dxy = [—5x%; + & sinxs]dt + 1x;dB],
dx, = [x1 — 6x; + 75 arctanx;]dt + 3x,dB?, (3.1)
dx3 = [—x; — 7x3 + % tanhx,]dt 4 %x3dBr3.

Direct computation shows that the fundamental matrix ¥(t, w) of (3.1) is defined by

Y(t, o) 0 0
U(t,w)=| ¥ult,w) W¥n(t,o) 0 (3.2)
W3(t, w) W(t, ) Wss(t, o)
for all t > 0 and w € £2, where
Yi(t, w) = S L LIC
W (t, ) = &0 WIF3F),
Ws3(t, o) = o7 3B
and
E 6 L ytms) 1 (B2 ()2
11/21(t,a)):f (T 9+ (B @) Bs(w))wn(s’ )ds.
0
E g A yt—s) (B3 ()53
Uil ) = _/ TR 4 (i) BS(’”))%](s, s,
0
O v e1ed (B3B3
Un(t, w) = —/ o TN SH“(B[(w) Bs(w))%z(s, w)ds.
0
Therefore, it is easily seen that
(L, )| < e Ti(w), [Wan(t, )] < e *Ty(w) and [Ws3(t, )| < e 'Ts(w) (3.3)

for all t > 0 and w € £2, where

1. 1
Ti(w) = supexp | (—2 — <)t + =B}(o) ) .
t>0 8 2

1 1
h(w) = 5;121013 exp ((—4 - ﬁ)t + ng(a))>

and

_ e Ly 1
T3(w) = sup exp (( 6 2 )t + 4Bt(w)> .

t>0
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This implies that

t
|2 (t, w)| = / el ~0~ NI 3B gy (s, )| ds
0

IA

t
e’ZtTl(a))/. e—Sel—4— 15 t=5)+ §BY (650 g
0

IA

e Ty () / e~ Ty(bs0)ds
0

e 2T (w)To(w),

|l1/31(t7 CL))|

IA

e Ty(0)Th(w) / " e Ty w)ds = e Ty () To(@)Ta()
0

and

[Wa(t, w)] < efth(w)/oo e T3(Bs0)ds = e~ Ty()Tz(w).
0

To see conditions (A1) and (A2), weset . =1,L = % and

R() = v/6 [n(w) \/ Ty() \/ Ts(w) \/ Ty ()Ty(w)
\/ Ti(@)Ta(w)Ts(w) \/ To()Ti(w)]
—\/>|:T3 \/T2 \/Tl T ~( ):Is

where the last equality holds due to the fact that for all w € £2, T,-(w) > 1,i = 2,3. Combining the fact that

an n-dimensional Brownian motion has n independent components and the property of geometric Brownian motion,
i.e, Esup;gexp (—(u + 302 +0B(w)) = 1+ % where i > 0 and o € R, see Graversen and Peskir (1998, p. 585)
and Peskir (1998, p. 1639), it is immediate that

ER < /6 (ET; +ET; - ET; + ET; - ET, - ET3)

=6 (ET3 4+ ET, - ET5 + ET; - ET; - ET3) (6 is measure preserving)
193 73 193 17 73 193
f<192 na*a%a)
< 7.6115.

Thus, we get that
LRl _ 1
=

That is, (A1) and (A2) hold. Using Theorem 1.1, it follows that the zero solution is globally stable.

x7.6115 < 1.

Remark 3.1. Example 3.1 shows that the choice of A and R is a key point in the proof of our result. In addition, the

estimate of ! 'fl in Example 3.1 may be too large. In fact, it is not easy to get the optimal upper bound of I? ”51 for
high-dimensional stochastic control systems.
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