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ABSTRACT

Inpreviousstudies,manyresearchershaveachievedsignificantsuccessinreducingthenegativeeffects
broughtaboutbythebullwhipeffect.Inthisarticle,theauthorshaveestablishedasupplychainthat
consistsofonesupplierandtworetailersandhasadoptedaCournot-Bertrandmixedduopolymodel
thatsuccessfullycombinesanonlinearcomplexitydynamicsystemwiththebullwhipeffect.Inorder
topartitionsystemswithvariousdegreesofdisorderandtakeappropriatemethodstorefrainsystems
fromfallingintoachaosstate,numericalsimulationmethodsareconductedtofindthestabilityrange,
bifurcationrangeandthechaosrange.Thisarticlefocusesonthreedifferentrangesthattheauthors
analyzeaboutthebullwhipeffectandinventoryvariability.Intheend,somepracticalsuggestions
onbehavioralsciencemanagementaremade.
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1. INTRoDUCTIoN

Inthepastdecade,researchershaveprobedintothe“Bullwhipeffect”insupplychains.However,
alongwiththecomplicationofthestructuresofsupplychains,wefinditincreasinglyimportantto
takebullwhipeffectintoaccountwhenwedoresearchesaboutsupplychainswithaviewofentropy
complexity.Bullwhipeffectreferstothephenomenonthattheordersareamplifiedwithineachlevel
fromdownstreamdemandtoupstream.Nowadays,thisphenomenonbecomesespeciallysignificant
inmanyindustries,suchasautomotive,commodities,electronicequipment,fastfoodindustriesetc.
Previousliteraturehasshownthatthebullwhipeffectcanleadtowrongjudgmentsforbothretailers
andsuppliers,especiallyintheaspectofinventory.Anditalsocanaddproductioncostandcause
inactivetransportation(Lee,Padmanabhan,&Whang,1997b).Inotherwords,thebullwhipeffect
inproductordersnotonlycontributestoaddingcostandpossibilitiesofinventoryoscillationsfor
upstream,butalsounavoidablyresultsinlargerinventorycostsfordownstream(Hoberg,Bradley,
&Thonemann,2007).

Thebullwhipeffecthas somanynegative influences, accompanying itbringsabout special
concern:howtoreduceoreliminateit.Inthisregard,manyscholarshavealreadysetfootonthese
issues.
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“Bullwhipeffect”wasputforwardbyLeeetal.(1997a).Hedemonstratedthefivefactorscauses
thebullwhipeffectinsupplychains,whichincludedemandsignalprocessing,non-zerolead-time,order
batching,supplyshortagesandpricefluctuation.Tobeginwith,Kahnquantifiedthebullwhipeffect
byusingthefirst-orderautoregressivedemandprocess(Kahn,1987).Gravesresearchedthebullwhip
effectinsupplychainswithanintegratedmovingaverageprocess(Graves,1999).Chenstudiedthe
influenceofthemethodsofexponentialsmoothing(ES)andMAforecastingonthebullwhipeffect
insupplychainincludingonesupplierandoneretailer(Chen,Drezner,Ryan,Simchi-Levi,2000a;
2000b).XUdevelopedtheESforecastingmethodforthelead-timedemandinhispapersaboutthe
bullwhipeffect(Xu,Dong,Evers,2001).Alwanstudiedthebullwhipeffectforthelead-timedemand
withMMSE-optimalforecastingtechniqueanddemandprocessfollowingapositivelyornegatively
correlatedprocess(Ahmad,2007).Wangcomparedthebullwhipeffectusingcorrect,MAandEWMA
methodinasingle-stagesupplychain(Wang,2010).Wangpublishedpapersabouttwokindsoffuzzy
demandthrougharevenue-sharingcontract(Wang,Li,Du&Wang,017).

Accordingtoprecedingstudies,manyscholarsalsoanalyzedthecoefficientofthedemandforecast
onthebullwhipeffectsubsequently.Forexample,Zhangstudiedtheimpactofbullwhipeffectwitha
first-orderautoregressiveprocessandanorderuptoinventorypolicy,whichindicatedthatdifferent
parametersinfluencethebullwhipeffecttoagreatextent(Zhang,Cavusgil&Roath,2003).Luong
investigatedtheeffectofautoregressivecoefficientandleadtimeonthebullwhipeffectinasupply
chainandthedemandforecastwasperformedwiththefirst-orderautoregressivemodelAR(1),he
examinedtheupperlimitofthebullwhipeffectanddemonstratedtheupperlimitmainlydependson
theautoregressivecoefficient(Luong,2007),whichissimilartothepaperonceusedbyChen.Duc
studiedtheeffectsofautoregressivecoefficient,themovingaverageparameterandtheleadtimeon
thebullwhipeffectwiththeinventorypolicyinterpretedasfirstordermixedautoregressive-moving
averagemodel(Duc,Luong&Kim,2008).Theseresultsarehelpfulbecausetheyareabletoidentify
whetherthebullwhipeffectisinfinite.

The bullwhip effect is influenced not by the forecasting methods, but by the inventory
management. Here some researchers introduced different replenishment strategies to reduce the
bullwhipeffect.Bowersoxstudiedaproperinventorymanagementtoalleviatetherelatedproblems
of bullwhip effect, such as excessive inventory buildups, lost sales and customer dissatisfaction
(Bowersox,2003).Likewise,ChopraandMeindl(2004)provedthatinventoryisanimportantfactor
whichcanaffecttheperformanceofbullwhipeffectinasupplychainsignificantly(Axsater,2005).
Axsatershowedthedecisionproblemsininventorysystemswithreviewpolicyofatwo-stagesupply
chainsandprovidedsolutionstosolvetheproblemsexistedintheinventorymanagementoftwostage
supplychain(Chopra&Meindl,2004).

BasedonLyapunovexponent,AhmadMaKuicomparedthebullwhipeffectinasupplychain
withcentralizedinformationanddecentralizedinformation.Akhtarsimulatedanoptimizationmodel
tomitigate thebullwhipeffect ina two-echelonsupplychain (Sheu,2005).QianCaodiscussed
that“guanxi”inchinahasapositiveimpactonbusinessperformanceandcanreducethebullwhip
effecttosomeextent(Akhtar&Yin-Zhen,2014).Borutstudiedasimplethree-stagesupplychain
throughseasonalandunseasonaltime,throughaseriesofthecustomersdemandsdataanddiscuss
theinfluenceofdifferentlevelsonthebullwhipeffect(Cao&Baker,2014).

Efforts have been conducted related to quantifying the bullwhip effect based on the above
theoretical.Inthispaper,wewillinvestigatetheimpactofbullwhipeffectinanonlinearcomplexity
dynamicsystem.Specifically,wewanttooffersomeinsightsthathowthebullwhipeffectisaffected
withinteractingproductdemandsandwhattheentropyofthesystemactslike.Because,retailersare
category-sensitivetoproducts,theirmarketsalesdependontheproductsdifference.Theproducts
ofthetworetailersaresubstitutes,sothatproductssalesquantityineachsupplychaindependson
notonlyitsownproductscategories,butalsotheother’sproductsoutput.Thus,weapplyaCournot-
Bertrandmixedduopolymodeltoinvestigatetheinfluenceofbullwhipeffectwhenthecomplexity
systemisinstability,Bifurcationandchaos(Wang&Ma,2014).Asthesystemevolvingfromstable
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tochaos,theentropyincreasescorrespondingly,anditwillbegrowingformidablefortheparameters
ofthesystemtobeforecastedexactly.So,havinganinsightintotheinfluenceofbullwhipeffect
onsystemsofvariousdegreesofdisorderwillbeintriguing,whichwillrevealmoredetailsofboth
bullwhipeffectandentropycomplexities.

Thepaperisstructuredasfollows.Section2presentsasupplychainmodelthatmadeupoftwo
retailers,whichbothfollowtheAR(1)demandprocessandemploytheorder-up-tostockpolicyand
useCournot-Bertrandmodeltochooseoutputandpriceasdecisionvariablesrespectively.Section
3,theretailersorderingprocessanddemandforecastingisobtained.Section4examineshowthe
adjustedparametersaffectthesysteminthesesituations(stablerange,bifurcationnrange,andchaos)
ofdifferentdegreesofentropy.InSection5,weusethenumericalanalysistostudytheinfluenceof
everyparameteronthebullwhipeffectandinventoryvariability,somemanagerialsuggestionsare
discussed.Section6,theconcludingremarksarediscussed.

2. MoDEL FRAMEWoRK

Weconsiderasupplychaincontainsonesupplierandtworetailers.Weassumethatretailerssell
genericproductswhichhavesomedifferencebutalternativestocustomerwhohaveacertainlevel
ofincome.Forexample,becausetheretailersarecompetitorsandincompleteinformationsharing
betweenthem,inordertoobtainmoreprofit,eachretailerestimatescustomersdemandandmakes
theirproductpriceaccordingtootherretailersituation.Inthispaper,wewilldiscussthatoneof
retailersappliestheCournotmodelandtakestheproductsoutputasdecisionvariable,buttheother
appliestheBertrandmodelandtakestheproductspriceasdecisionvariable.

WemodeloursupplychainasFigure1,theprerequisiteareasfollows:

1. Hereretailershavenocompleteknowledgetotheother’spriceinformation.Weassumethat
playersmakedecisionsatthesametimeandadoptedthequadraticfunctionformascustomer’s
utilityfunction(Wang,Li,Du&Wang,2017),whichcanberewrittenasinthefollowing:

D d d d d d bd d d
1 2 1 2 1

2
1 2 2

21

2
2,( ) = + − + +( )+ ε  (1)

2. Retailershavefixedconsumergroups,thepriceandqualityoftheirproductscan’tbetoohigh
or low, because in real situation customers have the characteristics of meeting the level of
consumptiongroups.Thelevelofconsumptioncanbeinterpretedasdifferentincomeslevels
leadtoconsumptiondifferenceinacertainsequence.Generally,thehigherincomelevels,the
higherconsumptionlevel,andviceversa.Asincomeleveldeterminesconsumptionlevel,different
consumptionlevelshavemoredifferentconsumptioncontents.Forexample,highearnersusually
havefamilycar,airconditionerandtheidealhousingetc.Butitisveryhardforthelowearning
peoplewhooftenhavedifficultiestohavedecentdurableconsumergoods.Thus,theconsumer’s
budgetwillbeconstrained.OneequationadoptedinpreviousliteraturesisgivenEquation(2):

p d p d m
1 1 2 2
+ =�  (2)

Here,P meanssalesprice, d meanssalesquantity.
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Intheconditionoftheutilityfunction’smaximizationproblem,wecanobtainthecontravariance
functionoftworetailersrespectively:

p d bd

p d bd
t t t

t t t

1 1 1 2 1

2 2 2 1 2

, , ,

, , ,

= − − +
= − − +








� �
� �

 (3)

where, σ
i
i( , )= 1 2 meansthemarketdemand, ε

i
i( , )= 1 2 isaninterferencefactorandrepresents

theparticularityoftheproductitself.
In the next section, we will describe the two retailers demand function given the condition

obtainedabove.

2.1. Demand Functions
Inpractice,thestructureofourlineardemandfunctionthattransformedthroughtheEquation(2),
whichissimilartootherresearchesbypreviousstudierssomewhat.Specifically,retailer1chooses
theproductiondemandasdecisionvariabletoinfluencethemarketsupply,andretailer2choosesthe
productionpriceasdecisionvariabletointerferethemarketsupply.Fortheotherfunctionadoptedin
thispaper,wealsoapplylinearfunction,whichhasbeenempiricallytestedbyotherstudies.

Forretailer1:

p d bp b d
t t t t1 1 1 2

2
1 1, , , ,

= − + + +� �  (4)

Forretailer2:

d bd p
t t t2 2 1 2 2, , ,
= − − +� �  (5)

b b( )0 1< < representsproductiondifferencebetweentworetailers,themore  b ,thesmaller
productiondifferencebetweenretailers.Whichmeanscustomerscanswitchtoothersproduction

Figure 1. A two-stage supply chain
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accordingthedegreeofsubstitutebetweenretailers.Thereforethisassumptioncanbefoundinreal
life.Wewillprovethatintherestofthispaper.

Asmentionedabove, retailersadoptCournotandBertrandmodel respectively, the retailers’
profitcanbeexpressedas:

π
π
1 1

2 2

1 1 2 1 1 1

2 2 1

2

, ,

, ,

, , ,
(

( )(

)
t t

t t

t t t
d

p c

d bp b d c

bd

=
= −

− + + + −
−

� �
�

,, ,
)

t t
p−






 2 2

� �
 (6)

Here,c i
i
( , )= 1 2 meanstheproductcosts.

Byderivationcalculation,theretailers’marginalprofitfunctionisgivenin:

∂

∂
= + + + +

∂

∂
=

− −
π

π

1

1
1 2 1

2
1

2

2

1 1 1

2

2 2,

,
, , , ,

,

,

t

t
t t t t

t

t

d
d bp bd b d

p

c� �

� ++ − − +










c bd p

t t2 1 2 2
2

, ,
�

 (7)

Inpractice,eachretailerhasfullknowledgeaboutinformationofitself,butitisunknownto
thesupplierandotherretailer.Althoughthemarketinformationhasveryhighcommercialvalue,
it is very hard to gain market strategy and information for downstream players. If they want to
obtain,theymustpayforhigherpriceandmoretimes.Thus,retailersmaketheirdecisionsbasedon
incompletelyinformation.Soweassumethatthetworetailersadoptboundedrationalityprediction
andtheCournot-Bertrandmixednonlinearcomplexitydynamicalsystemofretailersexpectationcan
bedescribeddifferentequations:

d d d cd bp bd b d

p
t t t t t t t

t

1 1 1 1 1 2 1
2
1

2

1 1 1
2 2

, , , , , , ,

,

+

+

= + − −( )+ + + +α � �

11 2 2 2 2 1 2 2
2= + − − +( )






 +p p c bd p

t t t t, , , ,
β � �

 (8)

α β, representtheefficiencyparametersofadjustintensity(output,price)forretailers’demand.
Equation(8)depictsthattheretailerscanmadethenextperiodproductdemandandpriceaccordingly
accordingtopreviousmarginalprofit.Ifthepreviousmarginalprofitispositive,thefollowingperiod
theplayerswillimprovetheproductdemandorpricesoastogainmoreprofit.Ifthepreviousperiod
marginalprofitisnegative,thefollowingperiodtheplayerswillreduceproductdemandandprice
soastogainmoreprofitasusual.

3. oRDERING PRoCESS AND DEMAND FoRECASTING

3.1. ordering Process
Without loss of generality, the order-up-to inventory policy is one of the most commonly used
inventorystrategiesinsupplychain.Itbasedonthishypothesis:thedemandofdownstreamplayers
insupplychainarestationaryandthesupplyareinfinite,purchasecostofproductsisconstantandnot
consideringtheordercost,holdingcost,andshortagecost.Italsoholdsforreallifecases,basedon
targetinventorylevelSi,t,underthecurrentperiodt,thedownstreamplayerssendorderstoupstream
players,whenupstreamplayersreceiveorder,afterafixedperiodoftime,willfeedbacktodownstream
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playersdemandorders.Thus,wedescribetheinventorypolicytoexpressthenetinventorylevelof
theplayersasthefollowing:

q S S d
i t i t i t i t, , , ,
= − +− −1 1

 (9)

Here,Si,trepresentstheorder-up-tolevel.Itisasafetystockandmustmeetthelead-timedemand
soastodealwiththesuddenlyunexpecteddemand.Therefore,theorder-up-toinventorylevelof
eachsupplychainoftenupdateasfollows:

S D
i t i t i t, , ,
= + =� �σ  (10)

Here,D
i t,

� istheforecastorderquantitiesduringthelead-timeanditdependsontheforecasting

method, �
,
σ
i t

� isthevarianceoflead-timedemandforecasterror,zisthenormalz-scorethatcanbe

determinedbytheservicelevelofinventorypolicy.Wecanprovethatσ
i t,

� doesnotdependontand
hasnoinfluenceonthebullwhipeffect,whichisprovedbyLuong(2008).Sowecanalsorewrite
Equation(9)asfollows:

q D D d
i t t t t, , , ,
= +− − −1 1 1 1 1

��
i  (11)

3.2. Lead-Time Demand Forecasting
Inthetraditionalstatistics,theforecastingmethodoflead-timedemandoftenusethelineartimes-
seriesforecasting,includingMoving-averages,ExponentialSmoothing,Minimummeansquareerror
andAutoregressive-movingaverageprocess.Infact,inrealsituationtheupstreamplayerswantto
chooseforecastingtechniquetocontrolthebullwhipeffectondownstreamorders.Theyusuallyadopt
thisforecastofthelead-timedemandforecastingassociatedwiththeactualvalueD

t−1
andestimated

valueD
i t, −1
� ofpriorperioddemand.Thus,inthispaperweassumesthattheupstreamplayerusethe

EStechniquetoforecastthelead-timedemandoftworetailers,andthepredictionisinfluencedby
singleexponentialsmoothingparameter.

TheExponentialSmoothingForecastingisdefinedasfollows:

d d d
t t t1 1 1 1 1

1
, , ,

� �= + −( )− −λ λ  (12)

where,λ ∈ ( )0 1, .
Attheendoflead-time,retailersobservethecustomerdemands.Accordingtopreviousdemand

data,theymakeproductsplanandplacedanordertoitsupstreamsupplier.Thisorderhasbeenplaced
attheendofperiodtandreceivedinperiodt+L,whereListheleadtimethatisafixednumber.
Wemakehypothesisthedemandforecastsd d d

t t t L1 1 1 1 1, , ,+ + −…… areequalatthebeginningofperiod
t.Thus,wecanget:

d d d d d d
t t t t L t t1 1 1 1 1 1 1 1 1 1 1

1
, , , , , ,

� � ���= =…= = = + −( )+ + + − − −λ λ  (13)
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Afteriterations,wehave:

D d Ld L d d
t

i

L

t t t t1
0

1

1 1 1 1 1
1

, , , , ,

� � � �= = = + −( )( )
=

−

+∑ λ λ  (14)

DependingontheESforecastingmethod,wecanrewriteEquation(11)forretailer1:

q d d s s d
t t t t t t1 1 1 1 1 1 1 1 1, , , , , ,
( )= + = ( )+− − − − −
� ��� 

= + −( )( )−






+ = ( )+− − − − −L d d d s s d

t t t t t
λ λ
1 1 1 1 1 1 1 1

1
, , , ,

� � ��
11 1,t− 

= +( ) − + = ( )− − − −1
1 1 1 1 1 1 1

λ λL d Ld s s
t t t t, , , ,

� ��  (15)

ForsimplicityofEquation(15),weassumethesafetyfactor==0.Accordinglywehavethe
followingequation:

q L d Ld
t t t1 1 1
1

, , ,
= +( ) −λ λ  (16)

Therefore,wealsohavethelead-timeforecastingquantityofretailer2:

q L d Ld
t t t2 2 2
1

, , ,
= +( ) −λ λ  (17)

Furthermore,wehavethefollowingtotalquantityregardingthetworetailers:

q q q

L d Ld L d Ld
t t t

t t t t

2 1 2

1 1 2 2
1 1

, , ,

, , , ,

= +

= +( ) − + +( ) −λ λ λ λ� �  (18)

4. EQUILIBRIUM PoINT AND LoCAL STABILITy

4.1. Equilibrium Analysis
InsystemEquation(8),welet:

d d p p
t t t t1 1 1 2 1 2, , , ,

,+ += = 

αd cd bp bd b d
t t t t t1 1 2 1

2
11 1 1

2 2 0
, , , , ,
( )� �− − =+ + + + 

βp c bd p
t t t2 2 2 1 2 2

2 0
, , ,
( )� �+ − − + = 

WeapplythemethodofJacobianmatrixtoanalysisthesystem(8):
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J E
j j

j j
( )=












11 12

21 22



where:

j a d bd b d bp c
11 1 1 1

2
1 2 1 1

1 4 2 6= + − + + + + −( )� � 

j c bd p
22 2 2 1 2 2
1 4= + + − − +� � �( ) 

j abd
12 1
= 

j bp
21 2
= −β 

Wecangetfourfixedpoints.ThefixedpointsE i
i
( , , )= 1 2 3 areallboundaryequilibriumpoint,

andE
4

istheNashEquilibrium:

E
1
0 0,( ) E c

2
2 2 20
2

,
� �+ +









E

c

b b3
1 1 1

22 2
0

� �+ −

− −











, E d p

4 1 2
* *,( )  (19)

where:

d
b c b b c

b1
1 2 2 2 1 1

2

2

3
* =

+ + + −

−

� � � � �


p
c c b b b b bc

b2
2 2 2 2 2

2
1 1 1

2

2

6 2
* =

− −

−

�� � � � �� � � � � �� � �
 (20)

Inreality,evenifthetworetailershavecompetition,theymusthavetheirownsalespriceand
fixedquantityproduction.Thus,inordertomakethecomplexitysystemEquation(8)moremeaningful
weassume�� > ci .

Proposition 1:E E E
1 2 3
, , aretheboundaryequilibriumpoint,whichisinstable.

Proof:Representedbythemethodofsubstitution,atfixedpointE
1
,wecangettheJacobimatrix

ofsystemasfollowing:

J d p
a c

c1 1 2
1 1 1

2 2 2

0

0 1
,( ) =

+ + −( )
+ +( )













1 � �

� � � �
 (21)

andtheEigenvalueofmatrixis:

λ λ
1 1 1 1 2 2 2 2

1= + + −( ) = + +( )1 a c c� � � � � �,  (22)
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Here,wehaveλ λ
1 2
0 0> >, ,soE

1
isunstableandnotbelongtoequilibriumpoint.

Similarly,wealsocangettheEigenvalueofJacobimatrixatfixedpointE
2

.Bysubstituting
obtaintheJacobimatrix:

J d p
a

b c
c

b
c

2 1 2

1

2 2 2

1 1

2

2
0

,( ) =
+ +

+ +( )
+ −













−
+

1 �
� �

�

�
�

22 2
2 22

1
+

− + +( )












�

� � �c

 (23)

Also,theEigenvalueofmatrixas:

λ
1 1

2 2 2

1 12
= + +

+ +( )
+ −












1 a

b c
c�

� �
� 

λ
2 2 2
1= − + +��� �c )  (24)

Wecanget λ
1
0> .SoE

1
isalsonotanequilibriumpoint.

Alsoitcanbeprovedisalsounstable.BysubstitutingobtaintheJacobimatrixwecanget:

J d p

a c
b c

b b
b b

3 1 2

1 1 1
1 1 1

2 2
2

( , )

( )

=

+ + +
+ ( )









1 -

-

- -
-6 -4

2

2� �
� � 

+

+ + + −
+




ab
c

b b

c b
c

b b

� �

� � �
� �

1 1 1

2 2 2
1 1 1

2 2

0 1
2 2

-

- -
-

- -

2

2





















(25)

λ
1 1 1 1

1 1 1

2 2
2= + + +

+ ( )










1 -

-

- -
-6 -4

2

2a c
b c

b b
b b� �

� �( )


λ
2 2 2 2

1 1 11
2 2

= + + + −
+

��� �
� �

c b
c

b b

-

- - 2
)  (26)

Because b b( )0 1< < Wetakethemaximumandminimumvalues,cancalculate λ
1
0> or

λ
2
0> alsoanequilibriumpoint.

Proposition1suggeststhatifthemarketonlyhasoneretailer,therewillbenocompetition,it’s
verylikelytoleadtomonopoly,therefore,thecustomerswillbehavetobuythisproduction.Butthis
resultwillnotcontinuetoolongunderthecondition:ifthisbusinesscanobtainhigherprofits,there
willbeotherbusinessmantoenterthisindustry,thusthecompetitioniscoming.Inordertokeep
marketcompetitionsteady,theremusthaveNashequilibriumrange.Thereforeweinferthebelow
corollaryregardingthecompetition.
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So,intheconditionofjury,ifE
1
istheNashequilibriumpoint,thefollowingfullandnecessary

conditionsmustbemet:

1+ + >

− + >

−

Tr J E Det J E

Tr J E Det J E

Det J E

( ( )) ( ( ))

( ( )) ( ( ))

( (

* *

* *

*

0

1 0

1 )))>








 0

 (27)

IfonlysatisfyanyoneoftheEquation(22).ThecomplexitysystemEquation(8)canleadto
differentbifurcationfortworetailerssimultaneously.

ThemanagerialinsightisthattherealwaysexistsaNashequilibriumpoint,whichcanmakeeach
retailers’salespriceanddemandsspontaneouslybutnocooperation.Butthepremiseisthatboth
retailers’salepricesareretainedinthecustomers’reservationpricelevel.Specifically,inthelevel
ofconsumption,ifsalepricesexceedthereservationprice,customerswillnotbuy,andtheseprices
donotbecometightlybound.Inotherwords,italsohasconfirmedtheBertrandviewthatonlytwo
enterprisescanalsoformthecompetitionisright.

Inwhatfollows,wewilldiscussthestability,bifurcation,andchaosregionalbasedontheproducts
differenceinnonlineardynamicmodels.

WhenthesystemreachestheNashequilibriumpoint,thetwoplayerswillneitherbeabletogeta
higherprofit,sotheentropyofthesystemisrelativelylowwhenit’satastableNashequilibriumpoint.

4.2. Stability Analysis

Wesettheparametersfor α = 0 3. ,β = 0 4. , σ
1
0 5= . , σ

2
0 6= . ,c

1
0 2= . c

2
0 1= . ,d = 0 3. ,

d = 0 9. ,b = 0 8. , ε
1
0 05= . , ε

2
0 08= . .AsdepictedinFigure2,itisveryeasytoseethatthe

system’sstablerange(blue)oftheNashequilibriumaremadeupofcoordinateaxisandthreesection
ofsmoothcurves,whichisnotsymmetricalsoastomaketheoutputparameters α( ) adjustment
rangeiswiderthanrangeofpriceparameters β( ) .Itcanalsobeexplainedthatthemarketismore
sensitivetopriceadjustmentandtheentropyofthesystemwillchangerelativelymorerapidlywhen
changingtheprice.Furthermore,whentheproducts’difference(b)takesdifferentvalues,thesituation
ofretailerswillchangeasFigure3.

Towardsthis,wecanhavethefollowingproposition:

Proposition 2:Thegreaterofproductsdifference,thefiercerofcompetitionbetweenretailerswillbe.

Obviously,iftheproductsdifferencebecomeslarger,thestablerangeshapewillchange,which
meansobtainingadifferentpatternforthesystemtoremainlowentropy.Themanagerialinsight
isthatthedisadvantagedenterprisewillfaceasituationthattheirproductswillbeoutofdemand,
becauseofsalepricearesameforthecustomerswhoareinthesameconsumptionlevelandthey
willpaymoreattentiontoproductsdifference.Therefore,theconditionsforthesystemhavingalow
degreeofdisorderwillbedifferentandthestablerangewillbechanged.Themoreproductsdifference
changes,themorethestablerangewillchange.So,bothretailerscontinuegamesuntilthesystem
reachesanothernewstableregion.

Hencetheextremelycompetitivewill leadstoeachretailerchanginghisproductsdifference
constantly.Slowly,bothretailerscompetingwillmovefromthestableregionintothebifurcation
range,whichmeansthesystemobtainsahigherentropy.
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Figure 2. The system’s stable range of two retailers (d=0.3)

Figure 3. The system’s stable range of two retailers (d=0.9)
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4.3. Bifurcation Analysis
AsFigure4whentheparametergoesfromthelightgreenrangepassestotheblue,purpleandyellow
areatothegrassgreenarea,thesystemchangesintochaosbyflip.Inthisprocess,thedistrictgrows
larger,whichmeansthesystemdoesnotoperateorderlyandhasagrowingtrendtobeoutofcontrol.

Fromthemanagerspointofviews,ifthedevelopmentofcompetitionarrivesinacertainextent,
twopossibleconditionsmayoccur:(1)Becauseofviciouscompetitionbetweenplayers,theytendto
addproductioncostssuchashavinguniqueadvertising,packing,quality,andtrademark,thusleading
toaquantityorpricebeyondtheabilityofcustomerconsumption,whichwillfixalevelofcustomer
reservationprice.Gradually,thecustomerswillnolongerbuy,andnormallythissituationwilllead
tooneplayerevacuatingthemarket,afterariseinthesystemoccurs.(2)Themanufacturerswantto
maintainpricestability,butalsohopetohaveuniqueadvertising,packing,quality,andtrademark,
underthissituationtheyhavetoreducetheproductioncost.Intermofcustomers,withthesame
pricebutcannotbuythesamequality,sothecustomerswillturntootherproducts.Inthissituation,
thiswouldalsoleadtoplayersleavingthemarket.

4.4. Largest Lyapunov Exponent
Inpreviousstudies,ithasbeenprovedthatIrregulardynamicbehaviorofnon-linearsystemscan
beshownbyLargestLyapunovexponent(Wen-lin,Zhi-bin,Liu,Wang,2014),andtheEquation(8)
alsoincompliancewiththeequationsofLyapunovexponentform:

x f x
n n+ =1 ( ) 

Thus,theFigure5andFigure6depicttheparameter’schangeofLyapunovexponent,howeverone
sideofthispicturerevealsthattimeplotofstateofthesystemshowsitscurvesbeingapproximately
stableregioncyclical.Withthesystemdiverginganditsentropyincreasing,thesystementersthe
period cyclical, bifurcation, until reach chaos regions. On the other hand, the largest Lyapunov
exponentcanbeunderstoodasnormallyphenomenonthatanerrorisamplifiedwithinsystem.Also,
itcanbeinterpretedasthe“bullwhipeffect”inthesupplychain.

5. BULLWHIP EFFECT ANALySIS

Aswementionedbefore,withtheadjustmentofparameters α β,( ) ,wegetthechangescopesofthe
complexity system model. In this section, we would execute inventory and orders variance
correspondingwithnonlinearsystemtoexplainthebullwhipeffectandinventoryoscillation,which
arealsoresultsofproposedmodel.

5.1. Bullwhip Effect Definition
Chenproposedthemostcommonbullwhip-relatedmeasuremetric.DisneyandTowilproposedthe
metricmeasuringnetstock instability respectively(Zhang&Wang,2017).Thus,ordervariance
ratiocanbeexplainedastheratiooftheordersratevariancemeaningordervalueandthemarket
demandvariancemeaningdemandvalue.Similarlyinventoryvarianceratiocanbequantifiedasthe
fluctuationsbetweentheinventoryvariancetoinventoryvalueanddemandvariancetomeandemand
value.Specifically,thecalculationformulaoftheinvestigatedvariablesasfollows:

OrderVarianceRation
q p d d

= ( / ) / ( / )� � � �2 2  (28)
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InventoryVarianceRation
I I d d

= ( / ) / ( / )� � � �2 2  (29)

According towhatwehaveanalyzedbefore, thecomplexsystemdiverges into thestability,
bifurcationperiodandchaosastheparametersvaries.So,weprovideparameters(Table1)three
valuestoclassifythreetypicalbehavioralpatterns(stablerange,bifurcationrangeandchaosrange),
whichcancharacterizethedistortionofdemandunderbullwhipeffectandinventoryoscillation.(L:
theorderleadtime;z:safetyfactor;T:periodiclengthoftheexperimentaldata).

5.2. To Investigate the Impact of Fixed Parameters on the Bullwhip
Whenthecomplexsystemconformstothreetypicalbehavioralpatternsrespectively,wecalculate
inventoryoscillationandbullwhipeffectofeveryperiod,concludingthecomparativeanalysis.

AsdepictedinFigure7.Firstly,whenthesystembecomesstable,bullwhipeffectsuddenlysharply
increasesandachievesmaximumvalue.Butwiththetimegoing,thebullwhipeffectfallsgradually.
Inbifurcationperiodthebullwhipeffectalsoshowsasuddenlypeakvalue,thenfalldownslowly.At
last,whensystemisinchaos,thecurveschangethesameastheabovesituation.

Figure 4. The system’s two-dimensional bifurcation diagram
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Figure 5. The maximum value of system’s largest Lyapunov exponent (β = 1.1, α = 0~4.7)

Figure 6. The maximum value of system’s largest Lyapunov exponent (α = 1.5, β = 0~2.7)
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Comparingthethreekindsofcurvesunderthreeperiods,obviouslywecanseethatthebullwhip
effectbeinstablestateislighterthanthatinBifurcationperiodandChaossituation.Besides,the
bullwhipeffectinBifurcationperiodislighterthanthatinChaossituation,underwhichitisveryfierce.

Themanagerialinsightofaboveanalysisisthatduetothelackofthemarketinformationand
accumulatedexperience,highbullwhipeffecteasilyoccursintheinitialperiod.So,intheprocess
ofenterprisemanagementtheyshouldaccumulatemoreexperienceandstudymore,understanding
themarketdemandclearlytomakethebullwhipeffectweakenedgradually.Whencompetitionturns
fervorbetweenretailers,theyareadvisedtoreduceintensityofadjustmentofoutputandpriceunder
bifurcationperiodandchaossituation(AsshowninFigure8,reducetheparameters� � ����� � ��� ).
So,toensurethebullwhipeffectofthewholemarketcanbecontrolledinstablerangeisofvital
importance,elsethesystemmayeasilyobtainlargerbullwhipeffectasthecompetitionturnsfervor
andtheentropyincreases.

AsdepictedinFigure9.Firstly,whenthesystemisstable,theinventoryvariancerationdeclines
totheminimumvalue,graduallytheinventoryvariancerationincreaseswithtimeadding.Whenbe
inbifurcationperiod,inventoryvariancerationalsodeclinestotheminimumvalue,butafterturning
out,theinventoryvariancerationsuddenlyincreases.So,thiscurveshowedarisingtrendatacertain
speed.Thirdlywhenthesystemisinchaos,wecanclearlyseethatthevalueofinventoryvariance
rationisapparentlyhigherthanthevalueofsystemunderstableperiodandchaos.

Themanagerialinsightofaboveanalysisisalsothatatthebeginningoftheretailing,thesupplier
lacks information about retailers, thus can easily have high bullwhip effect. But with the more
informationtheyacquire,thebullwhipeffectweakensgradually.Whencompetitionturnswhit-hot
betweenretailers,suppliershouldalsosuggestthemtoreduceintensityofadjustmentofoutputand
priceunderbifurcationperiodandchaos(AsFigure10.Toreducetheparameters� � ����� � ��� ).
So,ensuretheinventoryvariancerationofthewholemarketcanbecontrolledinstableperiod.

5.3. To Investigate the Impact of Adjustment Parameters on Bullwhip Effect
Wehavecalculatedthesumofinventoryoscillationandordersvolatilityofbothretailersaccording
tothe55perioddata.Furthermore,wewillexaminethatwiththechangetrendofadjustmentdegree
oftheoutput,thechangeofordervariancerationandinventoryvarianceration.

AsdepictedinFigure11,whenthesystemisinstableperiod,withtherisingofoutputadjustment
ofretailer1,thebullwhipeffectofsupplierfirstsuddenlyincreases,thendecreasesandfinallykeeps
inacertainnumericalvalue.Withtheincreaseofparameter(α ),thesystemfallsintothebifurcation
period, thebullwhipeffectbecomes largerwithhighspeedduring intervalsofchanges in small
parameters change. Until the system arrive at chaos, the bullwhip effect just happens to vibrate
violentlyandachievesmaximumvalue.

Throughcomparisonofthreesectioncurvewecanfindthatwhenthecomplexitysystemhas
increasingentropyandevolvesfromstablestateintobifurcationperiodandfinallyinchaos,onthe
wholethebullwhipeffectchangesgreatlyandkeepingrowing.Fromthemanagementpointofview,
iftakethedifferenceofproductstocompare,foroneoftheretailers,instablerangetherehavean
optimalvalueofoutputproductsparametertomakethebullwhipeffectminimuminsupplychain.

Table 1. Parameters set

Parameters α β L Z λ T

stablerange α=2.8 β=1.8 L = 3 Z = 0 � � ��� T=55

bifurcationrange α=3.9 β=1.8 L = 3 Z = 0 � � ��� T=55

Chaosrange α=4.8 β=1.8 L = 3 Z = 0 � � ��� T=55
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Figure 7. The order variance ration timing diagram (α=2.8, β=1.8)

Figure 8. The order variance ration timing diagram (α=1.5, β=0.8)
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AsdepictedinFigure12andassociatedwithFigure11,initiallythehighbullwhipeffectvalue
correspondstothehighinventoryvarianceration.Whenthebullwhipeffectkeepsstablevalue,the
inventoryvariancerationisalsodecreasingaccordingly.Asthesystemturningmoredisorderedand
declineintobifurcationperiodandchaos,thevalueofinventoryvariancerationwillnotincreasebut
decreaseinstead,whichisnotthesameasthebullwhipeffectchart.Thus,formanagers,ifwantto
keepgoodinventoryinproductsdifferencecompetitionmarket,itisagoodchoicebydoingadjustment
ofthedegreeofoutputproductsparameter.

6. CoNCLUSIoN

Thispaperhaspresentedasupplychainthatconsistsofasupplierandtworetailers.Inwhichwe
adoptaCournot-Bertrandmixedduopolymodelthatsuccessfullycombinesanonlinearcomplexity
dynamic system with bullwhip effect. Both retailers apply Cournot-Bertrand model and choose
outputandpriceasdecisionvariables.Consideringtworetailercompetitors,weassumethatthey
areboundedrationaltodecideoutputandprice.

Sincethebullwhipeffectisoneofthemostimportantfactorsinfluencingasupplychain,many
studieshavealreadybeendevelopedonit.Thedifferencebetweenthisresearchandthepastresearches
isthatthebullwhipeffectandinventoryisinfluencedinnon-linearcomplexitysystem.Firstofall,
weadjustedtheparameterstoinvestigatetheactionsofthenon-linearsystem.Secondly,wefocused
on what extent the parameters can reach while the system is in stability, bifurcation range, and
chaos,whichmeansthesystem’swithdifferentstatesofentropy.Atlast,weanalyzedthevariance
ofbullwhipeffectandinventoryvariancewhentheyintermediateunderthreesituationsinquestion.
Thesuggestionsformanagementdiscussedinthispapercanhelpmanagersadjusttheirmanagement
strategiesincompetitivemarketandavoidthecostwaste.

Figure 9. The inventory variance ration timing diagram (α=2.8, β=1.8)
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Besides,thispaperwithoutconsideringsomeimportantfactorsandwehopeitcouldbeextended
inthefollowingdirections.Firstly,weconsideronlytworetailers,butinrealmarket,therearethree
ormoreretailers.Besides,itisofgreatvaluetofigureoutwhetheritisfeasiblefortheretailerstouse
productsdifferenceasthemainconsiderfactor.Perhapswecouldturntotheproductspricefactor.
Secondly,weused theESforecastingmethod in thispaper.Wecanalsoapplyother forecasting
methods, such as MA, AR(1), AMRA(1,1), etc., to investigate the change of bullwhip effect in
Cournot-Bertrandcomplexitymodel.Anotherlimitationofthisresearchisthatwefailtoconsiderthe
disturbancefactorsinfluencingthissystem.Anyway,therearealwaysunpredictedfactorsinreality,
whichworthmorestudyinthefutureresearches.
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Figure 10. The inventory variance ration timing diagram (α=1.5, β=0.8)
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Figure 11. The order variance with parameter (α) adjustment

Figure 12. The inventory variance with parameter (α) adjustment
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