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A B S T R A C T

The paper presents a k-means-based algorithm for blockmodeling linked networks where linked networks are
defined as a collection of one-mode and two-mode networks in which units from different one-mode networks
are connected through two-mode networks. The reason for this is that a faster algorithm is needed for block-
modeling linked networks that can better scale to larger networks. Examples of linked networks include mul-
tilevel networks, dynamic networks, dynamic multilevel networks, and meta-networks. Generalized blockmo-
deling has been developed for linked/multilevel networks, yet the generalized blockmodeling approach is too
slow for analyzing larger networks. Therefore, the flexibility of generalized blockmodeling is sacrificed for the
speed of k-means-based approaches, thus allowing the analysis of larger networks. The presented algorithm is
based on the two-mode k-means (or KL-means) algorithm for two-mode networks or matrices. As a side product,
an algorithm for one-mode blockmodeling of one-mode networks is presented. The algorithm’s use on a dynamic
multilevel network with more than 400 units is presented. A situation study is also conducted which shows that
k-means based algorithms are superior to relocation algorithm-based methods for larger networks (e.g. larger
than 800 units) and never much worse.

1. Introduction

The aim of this paper is to present an approach to blockmodeling
linked networks based on a kmeans algorithm (Hartigan and Wong,
1979; Steinley, 2006). The motivation for the paper is that a faster al-
gorithm is needed for blockmodeling linked networks that can better
scale to larger networks.

A linked network is a collection of one-mode and two-mode net-
works where the units from different one-mode networks are connected
through two-mode networks. One-mode networks are networks where
ties exist among units of the same type. On the other hand, two-mode
networks are networks where there are two types of units and ties exist
only from one type to another, while ties among units of the same type
are not possible. Examples of linked networks include multilevel net-
works, dynamic networks, dynamic multilevel networks, and meta-
networks (Žiberna, 2020). These types and linked networks generally
are presented in more detail in the next section. However, to clarify the
ideas of linked networks, one type of such network, namely the dy-
namic multilevel network that is analyzed later in the example section,
is presented in Fig. 1. As seen in the figure and explained in the caption,
this dynamic multilevel network is composed of two multilevel net-
works, with each measured at a different point in time. Each multilevel
network is composed of two one-mode networks, one representing
persons and the other representing organizations. These two one-mode

networks are linked via a two-mode network (one for each point in
time), which links the persons to organizations. The two multilevel
networks are also linked by two two-mode networks (one for persons
and the other for organizations), linking the same units in different
points in time (e.g. person 1 in 2011 with person 1 if present in 2012).
In this paper, only one-relational networks are considered, although the
generalization to multi-relational networks is relatively straightfor-
ward.

Generalized blockmodeling of multilevel networks was first devel-
oped (Žiberna, 2014; Žiberna and Lazega, 2016) and later extended to
linked networks (Žiberna, 2020). However, as generalized blockmo-
deling is inherently computer-intensive, it is unsuitable for blockmo-
deling networks larger than a few hundred units (and it already
struggles with such network sizes). Yet, as already noted by Žiberna
(2014), the originally presented approach can also be used with other
approaches. In this paper, I attempt to present an approach based on a
two-mode k-means or KL-means algorithm (Brusco and Doreian, 2015a,
pp. 27–28; van Rosmalen et al., 2009, p. 160) because previous studies
have shown that it is superior to a relocation-based local optimization
algorithm (Brusco et al., 2018; van Rosmalen et al., 2009). The aim of
this paper is to propose a k-means-like algorithm for the one-mode
clustering/blockmodeling of one-mode networks and adapt it to linked
networks.

The approach is then demonstrated on a dynamic multilevel
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network based on the Discop East dataset (Brailly, 2016; Brailly et al.,
2016). For this demonstration, only advice networks among persons,
contract networks among organizations, and membership information
of persons in organizations at two time points are used.

2. Linked networks

As mentioned, a linked network is a collection of at least two one-
mode networks and one1 two-mode network linking these one-mode
networks. Examples of linked networks include (Žiberna, 2020):

• Multilevel networks (Multilevel Network Modeling Group, 2012)
are composed of onemode networks that represent ties among units
at a certain level and two-mode networks that tie units from dif-
ferent levels. In a typical multilevel network, first-level units are
persons, second-level units are organizations and the two-mode
network represents the membership of persons in organizations.
Examples of such networks can be found in several papers (e.g.
Bellotti, 2012; Brailly, 2016; Brailly et al., 2016; Lazega et al.,
2008). The blockmodeling analysis of such networks was presented
in Žiberna and Lazega (2016).
• Dynamic networks or, more precisely, networks measured at sev-
eral time points (as a special case of dynamic networks used in this
paper). Here, one-mode networks are networks at specific points in
time and two-mode networks link the two units that refer to the
same entity at different points in time. E.g., they could link person 1
at time point 1 to person 1 at time point 2, where person 1 at both

time points is the same actual/physical person. Such networks are
e.g. often used when studying collaboration networks (Cugmas
et al., 2016; Kronegger et al., 2012, 2011).
• Dynamic multilevel networks are a combination of the first two
network types. These networks are multilevel networks measured at
several points in time. Such a network was analyzed by Lazega
(2016).
• Meta-networks (or meta-matrices) based on the PCANS model
are collections of networks on several sets of units. E.g., Krackhardt
and Carley (1998) analyzed a meta-network where these sets were
individuals, tasks, and resources, but in some cases were extended
by locations, events, etc. It is not necessary for all possible one-mode
and two-mode networks to be present. Some more examples can be
found in other publications of Carley and colleagues (Carley et al.,
2000; Carley and Hill, 2001).

Another view used in developing the algorithm is that linked net-
works are essentially one-mode networks where the units can be se-
parated into at least two distinct sets. This is quite clear from Fig. 1
where all the one-mode and two-mode networks are combined into a
large one-mode network.

However, when blockmodeling such networks, we should not mix
units from different sets (sets are equivalent to mode in two-mode
networks). Therefore, we want to partition each set separately, meaning
that the clusters should contain units from only one set. In the case of
dynamic multilevel networks, at least four sets must be present (at least
two time points multiplied by at least two levels).

3. Generalized blockmodeling linked networks

In this section, the generalized blockmodeling approach to linked
networks is presented. This has two purposes. The first is to present the

Fig. 1. A matrix representations of a linked network, more precisely, a dynamic multilevel network. The two big square matrices (solid and dashed black borders) are
also themselves linked networks, but only multilevel networks in one point in time. Each of these has two small square matrices on the diagonal, which represent one-
mode networks. One of these one-mode networks represents ties among persons (top-left, lighter background) and the other among organizations (bottom-right,
darker background). In the bottom-left corner a rectangular matrix is shown representing the two-mode network that links the persons to organizations (or vice
versa). A tie here means the “column” person is employed in the “row” organization. The ties between these two multilevel networks are the two rectangular matrices
(relatively light gray background) which represent the two-mode matrices. In these two matrices, a unit is tied if the row unit represents the same unit (person or
organization) as the column unit, one where the row represents this unit in 2011 and the column in 2012.

1 Actually, the number of two-mode networks must be at least S – 1, where S
is the number of one-mode networks. More precisely there must be sufficient
two-mode networks for all one-mode networks to be directly or indirectly
connected to each other.
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existing approaches to blockmodeling linked networks, while the
second is to present the approach itself as it is later used to optimize the
solution returned by the k-means-based approach.

Generalized blockmodeling (Doreian et al., 2005) is a very flexible
approach for blockmodeling which was initially designed for only
binary one-mode networks (Doreian et al., 1994) and later extended to
binary two-mode networks (Doreian et al., 2004). Its flexibility comes
from the fact it is not only limited to clustering units based on a specific
kind of equivalence, but can be used with any equivalence that can be
expressed by specifying a set of allowed block types. Block types can be
specified for the whole network or for each block (a set of ties from a
given row cluster to a given column cluster) separately (Batagelj et al.,
1998; Doreian et al., 1994). The block types and their specification for
each type of network (e.g. binary, valued, etc.) can be found in the
previously referenced works. This is in great contrast with most other
blockmodeling approaches that cluster units only based on one kind of
equivalence, with most of them based on structural equivalence where
units are equivalent only if they have the same ties to the same units
(Lorrain and White, 1971).

The generalized blockmodeling approach was extended to signed
networks (Doreian and Mrvar, 2009) and valued networks (Žiberna,
2007). One of the approaches for valued networks suggested by Žiberna
(2007) is homogeneity blockmodeling. This one is especially relevant to
this paper since, when the sum of squared deviations from the mean
(hereinafter: sum of squares) is used as a measure of variability and
structural equivalence is used, this approach uses the same criterion
function as the k-means-based approach introduced in the next section.
Essentially, it searches for such blocks whereby the tie values in the
blocks as similar to the block means as possible. The equivalence of the
criterion functions of sum of squares homogeneity blockmodeling ac-
cording to structural equivalence and k-means-like algorithms is also
used here in the empirical section. As noted by Späth (Späth in Steinley,
2006, p. 3), the results of the original k-means algorithm can sometimes
(although presumably rarely in practice) be improved by relocating a
single unit from one cluster to another. Brusco and Steinley (Brusco and
Steinley, 2007) made a similar finding for the two-mode structural
equivalence blockmodeling problem. As sum of squares homogeneity
blockmodeling optimizes the criterion function using a relocation al-
gorithm, this relocation-based algorithm is used in an attempt to im-
prove the k-means-like solution. Here the slowness of the generalized
blockmodeling algorithm is not as problematic because optimizing a
single good partition is in most cases relatively quick.

Generalized blockmodeling of linked networks was first developed
under the name of generalized blockmodeling of multilevel networks
(Žiberna, 2014; Žiberna and Lazega, 2016). It was later shown that the
approach can also be used for other types of linked networks (Žiberna,
2020). In these works, the following extensions of one-mode general-
ized blockmodeling were identified as being required for developing the
blockmodeling for linked networks:

• Multirelational blockmodeling: In terms of substance, in most
cases we cannot assume that all one-mode and two-mode networks
(or ties within and between all sets of units) measure the same re-
lation. However, from a computational point of view, use of a
multirelational approach brings three benefits. The first is that it
allows several relations per each (one-mode or two-mode) network.
The second advantage of the generalized approach is that it allows
us to use a different approach (e.g. binary, valued, homogeneity) for
each relation, although this is irrelevant for the k-means approach.
The third one is that use of the multirelational approach can make
weighting different parts of the network easier, although this is not
so important given that it can also be achieved by other means.
Especially for the k-means approach, this extension is not necessary

if only one relation is used for each (sub)network2 .
• Different sets of units: As mentioned in the section on linked
networks, linked networks can also be viewed as one-mode net-
works where units are divided into different sets. Within the linked
blockmodeling approach, we wish to partition each set separately,
meaning that we specify the number of clusters for each set sepa-
rately and that clusters can only contain units from one set.
• Weighting different parts of the network: This problem was
called in Žiberna (2020) by a more general term “Multicriteria op-
timization”. The problem is how to optimize the linked network
while appropriately taking all parts of the network into account,
where ‘appropriately’ refers to giving appropriate weight to each
part. Even if the same generalized blockmodeling approach and the
same equivalence (types of blocks) were to be used for all parts of
the linked network, the problem remains as larger parts of the
network will in principle be given larger weights. In the current
approaches, this essentially multicriteria optimization problem
(Ehrgott and Wiecek, 2005; Ferligoj and Batagelj, 1992) is converted
to a single-criteria optimization problem using the weighted sum
approach, while noting that a true multicriteria approach as used
(not on linked networks) by Brusco et al. (2013) would be preferred.
When using the weighted sum approach, the weights for each part
must be determined. The current recommendation is to weight the
parts inversely proportional to the expected error of the blockmodel
used on a random partition (for details, see Žiberna, 2020; Žiberna
and Lazega, 2016).

By adding support for multirelational networks, for units that are
members of different sets (where each set is partitioned separately) and
for weighting, generalized blockmodeling can be used to blockmodel
linked networks.

Žiberna (2014) also noted that while the presented approach to
blockmodeling linked (described there as multilevel) networks was
implemented within the generalized blockmodeling approach, the
linked blockmodeling approach itself is much more general and can
also be used with other blockmodeling approaches. In the next section,
the k-means-based approach is adapted to tackle linked networks. Most
issues discussed above however remain relevant and must be addressed
in such an adaptation.

Before I mentioned that a key advantage of generalized blockmo-
deling is its flexibility, especially the ability to use generalized
equivalence. The cost of this advantage is that the optimization pro-
cedure cannot be made very efficient. The current implementation of
generalized blockmodeling (Batagelj et al., 2004; Žiberna, 2018) uses a
relocation algorithm (Batagelj et al., 1992) for optimization, which is
inherently slow for large networks. Previous studies have shown that k-
means-based or similar approaches are superior to a relocation-based
local optimization algorithm (Brusco et al., 2018; van Rosmalen et al.,
2009). Therefore, by adapting the k-means algorithm for this purpose, I
am trading the flexibility of generalized blockmodeling for the speed of
the k-means-based approaches.

Yet it should be noted that I sacrificed a lot for speed. As mentioned,
the k-means approach is equivalent to using homogeneity blockmo-
deling with only complete blocks (structural equivalence), the sum of
squares measure of variability and no pre-specification. On the other
hand, generalized blockmodeling (also for linked networks) can handle
different blockmodeling types (e.g. binary, valued, homogeneity), dif-
ferent block types (e.g. null, complete, regular, row-functional …), and
free (non pre-specified) and pre-specified blockmodels. A pre-specified
blockmodel is a blockmodel where, for each position, only some block
types are allowed and whose properties are sometimes even restricted
(e.g. means in complete blocks in homogeneity blockmodeling, similar

2 Subnetwork refers to one-mode and two-mode networks that make up the
linked network.
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as in constrained non-null blocks (Žiberna, 2013)). This of course makes
the approach less adaptable to some particularities of linked networks,
especially of the two-mode networks that “link” the one-mode net-
works3 . However, the example and simulations presented in this paper
show that the approach performs well even when such particularities
are present.

4. k-means-like algorithm for blockmodeling linked networks

The k-means algorithm (Hartigan, 1975; Macqueen, 1967) is a well-
known algorithm for partitioning units in “classical” data (units by
variables). It is locally optimal algorithm that minimizes the within-
cluster sum of squares. A thorough review is given by Steinley (2006).
The original k-means algorithm therefore partitions one mode of the
two-mode valued matrix.

4.1. k-means-like algorithm for the two-mode clustering of two-mode
networks

Several papers (some also recently) have considered using a similar
criterion (and sometimes also a similar algorithm) for the two-mode
clustering of two-mode matrices (Baier et al., 1997; Brusco and
Doreian, 2015a, 2015b; Van Mechelen et al., 2004; van Rosmalen et al.,
2009; Vichi, 2001). The problem addressed by these methods was
named two-mode KL-means partitioning by Brusco and Doreian (2015a,
2015b) to emphasize that both sets are partitioned (two partitions are
obtained) into a different number of clusters.

The starting point of the algorithm proposed in later subsections is
the two-mode KL-means (also named two-mode k-means) algorithm
(Brusco and Doreian, 2015a, pp. 27–28; van Rosmalen et al., 2009, p.
160) which uses the same logic as the original k-means algorithm
(Hartigan, 1975). The notation, which is based on the notation in
Žiberna (2014) and Brusco and Doreian (2015a), is presented in
Table 1.

The algorithm aims to minimize the within-block sum of squares.
For two-mode networks, this is:

=
= =

f vmin P P: ( , )tm
k

K

l

K

kl
P P,

1 2
1 11 1 2 2

1 2

(1)

where vkl is the sum of squared deviations from the mean for block kl.
Using this notation, the two-mode KL-means algorithm presented in

Brusco and Doreian (2015a, pp. 27–28) can be written as:

1 Construct random initial partitions for both modes, P1 and P2 and
compute =f f P P( , )tm tm

*
1 2 .

2 Reassign units from mode 1:
a Compute x̄kl for all k K l K[1, ], [1, ]1 2
b Compute = =e x x( ¯ )ik l

K
j C ij kl1

2
l

2
2,

for all k K i n[1, ], [1, ]1 1

c Update P1 by setting =u C e e: min { }i k ik
k K

ik1,
[1, ]1

d If =C k1, for any k K[1, ]1 , then set =u C e e: max min { }i k i i n k K
ik1,

[1, 1] [1, 1]
.

Set =e 0i k and repeat this step until there are no empty clusters.
3 Reassign units from mode 2:
a Compute x̄kl for all k K l K[1, ], [1, ]1 2
b Compute = =d x x( ¯ )jl k

K
i C ij kl1

2
l

1
1,

for all l K j n[1, ], [1, ]2 2

c Update P2 by setting =u C d d: min { }j l jl
l K

jl2,
[1, ]2

d If =C l2, for any l K[1, ]2 , then set =u C d d: max min { }j l j j n l K
jl2,

[1, 2] [1, 2]
.

Set =d 0j l and repeat this step until there are no empty clusters.

4 Compute f P P( , )tm 1 2 . If <f fP P( , )tm tm1 2
* , then set =f f P P( , )tm tm

*
1 2

and return to step 2, else stop.

4.2. k-means-like algorithm for the one-mode clustering of one-mode
networks

Recently, Brusco et al. (2016) discussed two-mode partitioning
(they searched for different partitions for rows and columns) of one-
mode matrices, where they noted the special status of the diagonal in
such matrices. They allowed for two options, that is, to treat the diag-
onal values like any other value, while the other is to ignore the values
on the diagonal. With the second option, a problem can occur in the
case of singleton clusters that the mean of the diagonal block for this
cluster is undefined. My solution here is to set its block mean to the
mean of the network.

Another option for treating the diagonal values is also often used in
blockmodeling (Doreian et al., 2005; Žiberna, 2007) and is especially
relevant for the one-mode clustering of one-mode matrixes. This option
is to treat the diagonal of each diagonal block separately. In terms of the
k-means-like approach, the means value from which the deviations are
computed is computed separately for the diagonal values in diagonal
blocks. This option is most appropriate when the diagonal values are
relevant but not expected to be the same as the off-diagonal ones in the
same block. To keep the notation and formulas relatively simple, these
options are not included in the formulas.

However, to my knowledge, there is currently no k-means-like al-
gorithm for the one-mode clustering of one-mode matrices. Adapting
the algorithm to one-mode networks is relatively straightforward. The
main difference is that rows and columns represent the same units and
that we also want one partition for both units. The criterion function we
wish to optimize is then

Table 1
Notation.

• n = number of all units

• =U u i n{ : [1, ]}i is a set of n units

• S = number of different sets of units (also modes)

• U s S, [1, ]s is a set of units in set s. The following must be true: =
=

U U
i

S
i

1
and

=U Ui j , for each i j.

• =n |U |s s , Ss [1, ]. Number of units in each set.

• X= a real or binary matrix with elements xij and with dimensions ×n n in case of a
linked and one-mode matrix and with dimension ×n n1 2 in case of two-mode
matrices.

• K s S, [1, ]s = a number of clusters in set s

• = =K Ks
S

s1 number of all clusters

• =
=

P P
s

S
s

1
. P is a partition of all units.

• = …s S C CP[1, ], { , , }s ss Ks,1 , , =
=

C U
i

ks
s i s

1
, . Ps is a partition of units from set s with

clusters Cs i, , i k[1, ].s For easier notation, cluster Cs i, is also marked Ck , where
= + <k i Kl s l

• is a set of all possible partitions of all sets of units or modes

• s is a set of all possible partitions of units in set s

• =x̄ the grand mean of X:
○ = = =x x n¯ /i

n
j
n

ij1 1
2 for one-mode and linked networks

○ = = =x x n n¯ /( )i
n

j
n

ij1
1

1
2 1 2 for two-mode networks

• X̄ is a matrix with elements x̄kl, where =x̄kl
i Ck j Cl xij

Ck Cl| | | | , the mean of the block

from cluster Ckto cluster Cl, with dimensions ×K K . For two-mode matrices, Ck
should be replaced by C k1, and Cl by C l2, , while the dimension becomes ×K K1 2.

• V is a matrix with elements =v x x( ¯ )kl i Ck j Cl ij kl 2, the within-block sum of
squares for block from cluster Ckto cluster Cl. For two-mode matrices, Ck should be
replaced by C k1, and Cl by C l2, . The dimensions are the same as for matrix X̄ .• W is a matrix of weights with elements wkl , where the value of the weights is the
same for all blocks within the same part of the network. The dimensions are the
same as for matrix X̄ .

• : means “such that”.

3 E.g. for the fact that in the two-mode network linking the same unit in
different points in time used in dynamic (multilevel) networks the maximum
possible degree is one. However, even for generalized blockmodeling, it is not
yet determined which or what kind of block types would be most appropriate
for such two-mode networks.
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=
= =

f vmin P: ( )
P om

k

K

l

K

kl
1 1 (2)

For convenience of execution, I also changed the criterion for
stopping the algorithm.

The k-means-like algorithm for the one-mode blockmodeling of one-
mode networks is then:

1 Select number of clusters K , construct random initial partition P and
compute =f f P( )om om

* .
2 Set =x̄ 0kl

* for all k K l K[1, ], [1, ]
3 Reassign units:
a Compute x̄kl for all k K l K[1, ], [1, ]
b Compute = +=e x x x x(( ¯ ) ( ¯ ) )ik l

K
j C ij kl ji lk1

2 2
l

for all
k K i n[1, ], [1, ]

c Update P by setting =u C e e: min { }i k ik
k K

ik
[1, ]

d If =Ck for any k K[1, ], then set =u C e e: max min { }i k i i n k K
ik

[1, ] [1, ]
.

Set =e 0i k and repeat this step until there are no empty clusters.
4 Compute f P( )om . If <f fP( )om om

* , then set =f f P( )om om
* and return to

step 3, else stop.

4.3. k-means-like algorithm for blockmodeling linked networks

The algorithm described in the previous subsection is a good
starting point for adapting linked networks. As shown in Section 3,
three modifications were suggested for adapting one-mode blockmo-
deling approaches to a linked network. One of them, that is, adaptation
to multirelational networks, is not required in the case of only one re-
lation for each part of the network and is omitted here to keep the
notation simpler4 .

The other two modifications are adaptation to multiple sets of units
and the introduction of weighting or, more generally, the problem of
multi-criteria optimization. These are also relatively straightforward
and analogous to those made for generalized blockmodeling in Žiberna
(2014). The adaptation to multiple sets of units is achieved by com-
puting values of eik only for those clusters (k values) that partition the
set which unit i is a member of and setting all other eik values to infinity
(or maximal positive value) so that a unit can never be moved to a
cluster from a different set.

As in Žiberna (2014), the multi-criteria optimization problem is
solved through the weighted sum approach (as described in Section 3).
Essentially, the deviations of the tie values from the block means in
computations of the eik values and the within-sum of squares (vkl values)
are multiplied by an appropriate weight that depends solely on which
part of the network the block is located. The problem of selecting sui-
table weights is not discussed here since the choice of the optimization
algorithm does not affect this. My current suggestion is to use the re-
ciprocal of the “random” error of each part of the network as is sug-
gested for generalized blockmodeling (Žiberna, 2020; Žiberna and
Lazega, 2016). The logic behind this is that we try to counter the ten-
dency that, when given equal weights, (sub)networks with larger errors
would have a bigger impact on the results. Another possibility used in
earlier work (Žiberna, 2014) is to use the reciprocal of the error for each
part of the network that would be obtained if each part were to consist
of just one block.

In the equations and algorithms that follow, it should be noted that
(see Table 1 for details):

• the combined partition P is a union of partitions Ps (where
s S[1, ]) of individual sets of units Us,
• when cluster Cs i, is marked by a single number as Ck, k is computed
as = + <k i K ,l s l and
• K represents the number of clusters for all sets.

The criterion function becomes:

=
= =

f w vmin P: ( )
P l

k

K

l

K

kl kl
1 1 (3)

The k-means-like algorithm for blockmodeling linked networks is
then:

1 Select number of clusters Ks for each S[1, ], construct random
initial partition P and compute =f f P( )l l

*

2 Set =x̄ 0kl
* for all k K l K[1, ], [1, ]

3 Set =e Infik for k K i n[1, ], [1, ]
4 Compute x̄kl for all k K l K[1, ], [1, ]
5 For each set of units s S[1, ] reassign units from set s:
a Compute = +=e w x x w x x( ( ¯ ) ( ¯ ) )ik l

K
j C kl ij kl lk ji lk1

2 2
l

for all
i u U: i s and all k C P: k s

b Update Ps by setting =u C e e: min { }i k ik
k C

ik
P: k s

c If =Ck for anyC Pk s, then set =i C e e: max min { }k i i u U k C
ik

P: :i s k s
. Set

=e 0i k and repeat this step until there are no empty clusters.
6 Compute f P( )l . If <f fP( )l l

* , then set =f f P( )l l
* and return to step 4,

else stop.

5. Empirical example: blockmodeling a dynamic multilevel
network from a trade fair for TV programs

In this example, I demonstrate the use of k-means blockmodeling on
data coming from two trade fairs for TV programs held in Eastern
Europe in 2011 and 2012 as gathered and analyzed by Brailly and
colleagues (Brailly, 2016; Brailly et al., 2016). Essentially, a multilevel
network is recorded at two time points: in 2011 and in 2012. In each
year, there are two sets of units in this multilevel network, persons
(agents of the organizations, buyers and sellers of TV programs) and
organizations in the TV program business (broadcasters, distributors,
independent buyers, media groups, and producers).

An advice relation is recorded among the persons involved, while
among the organizations a contract relation (signing a deal) is recorded.
A contract relation is recorded as an asymmetric relation with the di-
rection based on who reported it. However, since it is intrinsically a
symmetric relation, it was symmetrized prior to the analysis as in
previous works (Brailly, 2016; Brailly et al., 2016). In addition, a two-
mode network indicating the membership of persons in organizations is
available. In both years and levels, only those units that responded
(operationalized as those with at least one outgoing tie in the advice/
contract network) were used. The same units were also used in the
multilevel approach regardless of whether or not they had a tie to any
unit from the other level. The dynamic multilevel network has more
than 400 units.

In addition to the network data, two attribute variables are used,
namely, the “category” of the agents (BUYER, SELLER) and the “value
chain type” of organizations (BROADCASTER, DISTRIBUTOR, INDEP-
ENDENT BUYER, MEDIA GROUP, PRODUCER, VISITOR). These addi-
tional variables are used for evaluation purposes since it is assumed that
good partitions should contain clusters that are relatively homogeneous
on these variables. Although the variables are each defined on a specific
level, they are used for evaluation on both. The category of the person is
attributed to an organization in such a way that the organization ob-
tains a category or categories of its agents. These can be one of BUYER,
SELLER or BUYER/SELLER, if its agents play both roles (one agent can
only play a single role). Similarly, the persons are given the value chain

4 However, even this modification is easy to implement in the algorithm. The
only modification needed is to add a third dimension to the matrices re-
presenting the data (X), the block means (X̄) and the within-block sum of
squares (V) and to sum over these new dimensions when computing all eik
values and the value of the criterion function.

A. Žiberna Social Networks 61 (2020) 153–169

157



type of their organizations.
Analyzing a linked network can be very complex, especially with

such a large number of sets of units as in the dynamic multilevel net-
work used in this example. Even deciding on the number of clusters for
each set can be a challenge. I therefore use a modular step-by-step
approach in which the individual one-mode networks (parts of the
linked network) are first analyzed. If the whole linked network can be
decomposed into smaller linked networks, these can then be analyzed
separately before performing analysis of the whole linked network.

Therefore, in this example each one-mode network (or each type of
units in each year) is first analyzed separately. Then, the two multilevel
networks, one for each year, are analyzed. Finally, the dynamic mul-
tilevel network, which combines the two multilevel networks for both
years, is used. In this dynamic network, two-mode networks link the
units that represent the same persons or organizations at different
points in time. The results of the previous analyses, mainly the selected
number of clusters per set are used to guide the following, more com-
plex analyses. Of course, since other parts of the linked network and the
interaction among them can also affect the results and the appropriate
number of clusters, the number of clusters selected in the previous stage
can only serve as starting values for blockmodeling the linked networks
in the next stage and should be reevaluated and, if deemed appropriate,
also modified based on the results of the linked network analysis.

Since multilevel networks and dynamic multilevel networks are
both examples of a linked network, most attention is given to them. Due
to this paper’s focus on presenting a k-means-like approach to linked
networks, substantial interpretations of the results are kept to a
minimum.

The data from 2012 (both the two one-mode networks and the
multilevel network) were already analyzed by Žiberna (2019) using
sum of squares homogeneity blockmodeling according to structural
equivalence. However, due to the dynamic multilevel network’s size
and the slowness of the generalized blockmodeling algorithm, it was
unfeasible to analyze the whole dynamic multilevel network there5 .The
sum of squares homogeneity blockmodeling algorithm uses the same
criterion function as the proposed k-means-like algorithm and is also
used in this paper to refine the proposed algorithm’s results to one with
a potentially better criterion function value.

Therefore, the results presented here for the 2012 data are in some
cases the same and in others very similar to those presented here. Due
to the much faster execution of the k-means-like approach, more
combinations of clusters could be tested here in the multilevel case and
more random restarts were possible, thus making the results presented
here both richer and superior in terms of the criterion function values.

The suggested approach outlined in the previous section was used
here. However, presenting all of the results would far exceed the scope
of this paper and therefore only some results are presented, while others
are only described as necessary for understanding other analyses. In
more detail, the analyses of the one-mode advice (persons’) network for
2012, the multilevel network for 2012, and the dynamic multilevel
network will be presented. These represent one example of a simple
one-mode network, one of a linked network with two sets of units and
one of a more complex linked network with four sets of units.

5.1. Analysis of the 2012 data

In this section, the analysis of the 2012 data is presented. As men-
tioned, only the personal advice network and the multilevel network
are presented in greater detail.

5.1.1. The 2012 personal advice network
The personal advice network of 2012 is first analyzed. The initial

results of the blockmodeling of the 2012 advice network in 2–6 clusters
are presented in Fig. 2 (inconsistencies for 2–8). The first plot of the
figure is a scree plot and shows inconsistencies (criterion function) by
the number of clusters. Based on this graph as well as the partitioned
matrices shown in the same Figs. 3 or 5 clusters seem most appropriate.
For these two partitions, the association with the attribute variables is
also presented in Tables 2 and 3.

In both solutions we can notice that all clusters but the last one, in
both cases the largest one with no apparent pattern of ties, are primarily
composed of either buyers or sellers. E.g., in the 3-cluster solution,
cluster 1 is composed entirely of buyers, while cluster 2 has 13 sellers
and only 1 buyer. We can also notice that advice ties occur mainly
between the buyer and seller clusters, while rarely within them (or
between two clusters of the “same category”). This pattern is often
observed in this dataset, which is also why an odd number of clusters is
appropriate. They consist of one or more pairs of buyer/seller clusters
and an extra “mixed” cluster, which is only sparsely connected.

For both solutions, the clusters of buyers are predominately asso-
ciated with broadcasters and, in a 5-cluster solution, also independent
buyers, while the clusters of sellers are predominately associated with
distributers and to a smaller extent media groups.

5.1.2. The 2012 organizational contract network
A similar analysis was performed for the organizational network, al-

though it is not presented in detail as it lies outside the core of the paper.
Some of these results are presented in the next (multilevel) example.

Partitions into up to 11 clusters were tested. Either 3, 5, or 7 clusters
seem appropriate. Regardless of the number of clusters, the main structure
is the same. In all cases, there is one mixed cluster where organizations
with fewer ties are present (fewer than in other clusters). Half the re-
maining clusters are mainly composed of broadcasters and the other half
predominantly by other organizations (non-broadcasters). Most ties occur
between the clusters of broadcasters and non-broadcasters, and very few
within each group of clusters (including within clusters). When there is
more than one cluster of each type (5- and 7-cluster partitions), these can
be ordered in terms of the strength of their connectivity. The association
table for the 7-cluster partition used in the next section is presented in
Table 4. This partition includes one main broadcaster (buyer) and one
main media group (seller) and two more clusters of broadcasters and two
of non-broadcasters. What is perhaps interesting is that most independent
buyers are in the clusters of non-broadcasters, although these clusters are
mostly associated with sellers.

5.1.3. The 2012 multilevel network
The multilevel network comprises the personal advice network,

organizational contract network, and the two-mode network tying them
together.

I first present just the multilevel view of the single-level partitions. This
means I am simply partitioning the multilevel network based on the se-
parate-level partitions. The partitioned matrices together with image ma-
trices are presented in Fig. 3 for the 5-cluster advice partition matched by
7-cluster organization contract partitions. An expected pattern is revealed,
although not as clearly as anticipated. The clusters of buyers (B1 and B2)
are mainly made up of persons from organizations in the clusters of
broadcasters (Br1 and Br3) and some from the mixed organizations cluster
(Mo7), while the clusters of sellers (S2 and S4) are mostly made up of
persons from the clusters of non-broadcasters (MG2, NBr4m NBr6) and the
mixed organizations cluster (Mo7). However, the correspondence is not 1
to 1, namely, some types of organizations (and even individual organi-
zations) have both buyers and sellers.

The pattern becomes clearer if we group similar clusters together
(and do not order them by degree, as before). Such a figure is shown in
Fig. 4. We can see that most advice is sought between buyers and sellers
(the dominant direction is buyers → sellers) and most contracts are

5 Based on the simulation results presented in the next section using a version
of the relocation algorithm that does not exhaustively search for possible moves
and exchanges in particular would also make such analysis feasible. This is also
supported by previous studies (e.g. Brusco and Steinley, 2011; Brusco and
Doreian, 2019).
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from Broadcasters to other organizations. In the contract network, we
see that one broadcaster and one media group dominate the market. Of
course, not all buyers exchange advice with all sellers and thus not all
broadcasters make contracts with all other organizations. E.g. the B1
cluster mainly exchanges advice with the S2 cluster, while the B3
cluster does so with S4. Similarly, while Br1 (one broadcaster) has
contracts with all clusters of non-broadcasters (MG2, NBr4, NBr6), this
is not true for the other two clusters of broadcasters (Br3, Br5). As for
the multilevel view, we can see here that most buyers represent
broadcasters and most sellers the non-broadcasters.

On the multilevel matrix, the true multilevel approach was also used
with 5-person clusters and 7organization clusters (as suggested by the
separate analysis, although other options were also tested). Different
parts of the multilevel network were weighted inversely proportional to
their expected error (in the case of a random partition into the specified
number of clusters), as argued in Section 3 and as used in most previous
multilevel blockmodeling analysis (Žiberna, 2020; Žiberna and Lazega,
2016). To give an impression of what kind of weights this procedure
produces, the weights for this example are presented. The network of
persons was given a weight of 1, the network of organizations a weight
of 0.585, and the two-mode network a weight of 4.428.

The results are given in Fig. 5. The association tables for both par-
titions are presented in Table 5. The organizations partition is very si-
milar to the one from the separate analysis. However, there are im-
portant differences in the persons partition. We can see that buyer
cluster B3 is composed of only persons from a broadcaster (singleton
Br1), while those from B1 are mainly from the second cluster of
broadcasters Br3. Persons from these two clusters seek (and also receive
requests for) most advice. As B3 are units from the same broadcasters,
the otherwise rare within-cluster advices are not unexpected. On the
other hand, the clusters of sellers (S2 and S4) are mostly comprised of
persons from the non-broadcaster clusters (NBr4 and NBr6). Here, I
should point out that most clusters of organizations are, in addition to
clusters of buyers and sellers, also connected to the mixed cluster (M5).

Apart from partition into 5 clusters of persons and 7 clusters of
organizations, the simplest reasonable partition into 3 clusters of per-
sons and 3 clusters of organizations was also explored. This is just the
main functional distinction of the roles of the persons and organiza-
tions, as seen from the results presented in Fig. 6 and in Table 6.

All multilevel results show the clusters of persons are in terms of
buyer/seller decomposition clearer6 in the multilevel partition than in
the single-level one. This indicates the information from the other level

Fig. 2. The results of blockmodeling on 2012 advice network. The numbers above partitioned matrices represent the number of clusters.

Table 2
Association of 3-cluster partition based on the 2012 advice network with at-
tribute variables.

Category Value chain type

Buyer Seller Broadcaster Distributor Independent
buyer

Media
group

B1 5 0 4 0 0 1
S2 1 13 1 10 0 3
M3 36 42 26 31 9 12

Table 3
Association of 5-cluster partition based on the 2012 advice network with at-
tribute variables.

Category Value chain type

Buyer Seller Broadcaster Distributor Independent
buyer

Media
group

B1 5 0 4 0 0 1
S2 1 13 1 10 0 3
B3 5 2 1 2 3 1
S4 1 9 1 6 0 3
M5 30 31 24 23 6 8

6 Clusters are more homogeneous and the mixed cluster is smaller.
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Table 4
Association of 7-cluster partition based on the 2012 organizational contract network with attribute variables.

Category Value chain type

Buyer Buyer/seller Seller Broadcaster Distributor Independent buyer Media group

Br1 1 0 0 1 0 0 0
MG2 0 0 1 0 0 0 1
Br3 6 1 0 6 0 0 1
NBr4 1 2 7 0 3 2 5
Br5 17 1 0 15 0 3 0
NBr6 2 1 22 0 18 2 5
M7 17 2 24 6 19 11 7

Fig. 3. Multilevel view of the separate level partitions into 5 clusters of persons and 7 clusters of organizations of the 2012 networks. A partitioned matrix is
presented on the right side. On the left side, an image matrix, namely a matrix representing the ties among clusters, is shown. Here the values represent the block
densities. As they are multiplied by 100, they are in percentages.

Fig. 4. Multilevel view of the separate level partitions into 5 clusters of persons and 7 clusters of organizations of the 2012 networks – grouped by “function” of the
clusters.

A. Žiberna Social Networks 61 (2020) 153–169

160



does contribute to a better classification of the persons.

5.2. Combined 2011/2012 analysis

5.2.1. Combined view of the separate analyses
The 2011 multilevel solutions were obtained in a similar way as for

the 2012 multilevel solutions, although they were not presented to save
space. However, to make interpretations of the combined view results
easier, a quick explanation of the obtained clusters follows. The mul-
tilevel partition into 3 clusters of persons and 3 clusters of organizations
seems the most appropriate as this network has a less (obvious) struc-
ture compared to the 2012 network. Like with the 2012 analysis, in the
3cluster person partition the persons are partitioned into one cluster of
buyers (labeled B1), one cluster of sellers (labeled S2), and a mixed
cluster (labeled M3). The organizations are partitioned into a cluster
that mainly includes buyers (mostly broadcasters, but sometimes also
independent buyers and media groups, labeled BI1), a cluster of sellers
(mainly distributors, but also media groups and producers, labeled
DMP2) and a mixed cluster. In all cases where the 2011 and 2012
clusters are presented together, the prefix “1” is added to the labels for
the 2011 clusters and the prefix “2” to the labels for the 2012 clusters.

Similarly as when I first showed a multilevel view of the separate-
level analysis, here I am presenting a temporal view of the separate-

time multi-level analysis. I present two such views. In both, I show the
2011 multilevel partition into 3 clusters of persons and 3 clusters of
organizations as other partitions do not seem so appropriate for 2011.
For 2012, I am using 2 multilevel partitions presented in the previous
section. These are the partition into 3 clusters of persons and 3 clusters
of organizations and into 5 clusters of persons and 7 clusters of orga-
nizations. The partitioned matrices and image matrices for these two
partitions are shown in Fig. 7. Since the number of sets for which the
number of clusters must be specified has accumulated to 4, I have
simplified the notation/wording used to denote the number of clusters
for each set in a given partition. This is now written as a sequence for
numbers, separated by commas. The first two numbers represent the
number of clusters of persons and the number of clusters of organiza-
tions in 2011, while the last two stand for the number of clusters of
persons and the number of clusters of organizations in 2012. Therefore,
the partition into 3 clusters of persons and 3 clusters of organizations in
2011 and 5 clusters of persons and 7 clusters of organizations in 2012 is
called a 3, 3, 5, 7 partition.

The quick conclusion is that while the clusters of persons are very
unstable over time, the clusters of organizations exhibit substantial
stability. Moreover, movements occur from the “mixed” cluster towards
the more specialized clusters and vice versa, but not among the “spe-
cialized” clusters (with one exception in the more refined partition).

Fig. 5. The true multilevel partition into 5 clusters of persons and 7 clusters of organizations of the multilevel 2012 network – grouped by “function” of the clusters.

Table 5
Association of the true multilevel partition into 5 clusters of persons and 7 clusters of organizations based on the 2012 multilevel network with attribute variables.

Category Value chain type

Buyer Buyer, seller Seller Broadcaster Distributor Independent buyer Media group

Persons B1 9 0 1 5 1 1 3
B3 5 0 0 5 0 0 0
S2 0 0 9 0 7 0 2
S4 1 0 14 0 10 2 3
M5 27 0 31 21 23 6 8

Organizations Br1 1 0 0 1 0 0 0
Br3 6 1 0 6 0 0 1
Br5 17 1 0 15 0 3 0
MG2 0 0 1 0 0 0 1
NBr4 1 2 8 0 4 1 6
NBr6 2 1 21 0 17 3 4
Mo7 17 2 24 6 19 11 7
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5.2.2. Dynamic multilevel blockmodeling
A linked blockmodeling analysis of the whole temporal/dynamic

multilevel network was performed. The dynamic multilevel blockmo-
deling was performed for the same combinations of the number of
clusters as were presented in the separate analysis. First, the analysis
with 3 clusters for both persons and organizations at both time points
was conducted. The same methodology for determining weights was
used as with single-time multilevel blockmodeling. The results are
presented in Fig. 8 (upper part) and in Table 7, although they are very
similar to the separate-time analysis. In the case of persons in both
years, the dynamic multilevel approach classifies more buyers and
sellers in “specialized” clusters (composed of only buyers or only
sellers, with only one exception). For organizations, it produces results
with slightly better “separation” in 2012 (actually, fewer broadcasters
are classified in the cluster of broadcasters, while more distributors and
media groups into their clusters), while they are the same as the “static”
multilevel results in 2011.

Next, the partition into 3 clusters of persons and 3 clusters of or-
ganizations in 2011 and 5 clusters of persons and 7 clusters of organi-
zations in 2012 was searched for. However, although this combination
of cluster numbers worked well for the separate multilevel models, it
did not function well in the dynamic approach. Therefore, a slightly
modified combination of number of clusters was explored and a com-
bination where the number of person clusters in 2012 was increased by
1–6 was chosen. The partitioned matrices based on this analysis are
presented in the lower part of Fig. 8. The main findings here are similar
to those presented in previous analysis and hence a more detailed
analysis is omitted. I conclude by observing that jointly analyzing

multiple linked networks further complicates the choice of a suitable
number of clusters because the number of clusters on different sets is
interdependent.

6. Simulation study

In an attempt to demonstrate that the proposed k-means based al-
gorithm is indeed faster than the homogeneity generalized blockmo-
deling algorithm, which is based on a relocation algorithm, a simulation
study was conducted. Given that what mainly differentiates k-means-
based algorithms from homogeneity (sum of squares) generalized
blockmodeling algorithms (when used with only structural equivalence
and no pre-specification) is the optimization algorithm, the generalized
blockmodeling in this section is usually called a relocation-based al-
gorithm.

6.1. Design of the study

In this simulation study, random linked networks compatible with
the “dynamic multilevel network” structure were generated. Two points
in time and two levels in each were assumed. The network was gen-
erated so that, based on the desired size of the network, all sizes of all
four sets of units (first level in first point in time, second level in first
point in time, first level in second point in time, second level in second
point in time). Since all units were present in both points in time, the
number of units was the same at both time points. The number of units
was either the same on both levels or the number of units was 3 times
higher on the second level. The ties between the levels (namely,

Fig. 6. The true multilevel partition into 3 clusters of persons and 3 clusters of organizations of the multilevel 2012 network.

Table 6
Association of the true multilevel partition into 3 clusters of persons and 3 clusters of organizations based on the 2012 multilevel network with attribute variables.

Category Value chain type

Buyer Buyer, seller Seller Broadcaster Distributor Independent buyer Media group

B1 7 0 0 5 0 0 2
S2 1 0 16 1 10 1 5
M3 34 0 39 25 31 8 9
Br1 9 2 0 10 0 0 1
NBr2 1 3 12 0 6 2 8
Mo3 34 2 42 18 34 16 10
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between the first- and second-level units) did not change from the first
to the second point in time. The partition of the first-level units in the
first point in time into the desired number of clusters was then ran-
domly generated with the constraint that each cluster had to have at
least 3 units. The partitions of other sets were set to be consistent with
this partition and the ties among the units of the different sets. For each
one-mode network (networks among the units from one of the four
sets), a random image matrix was generated based on the following
constraints:

• Only null and complete blocks were generated.
• The expected number of complete blocks in any row (or column) of
the image matrix was 1.5 (regardless of the number of clusters)
• The image matrix had to be such that no two clusters had the same
pattern of ties (were not structurally equivalent in the image matrix/
network)

Based on these image matrices, the final one-mode networks were
generated. The probability of a tie in null blocks was set to 0.05, while
the probability of a tie in complete blocks was set to one of the fol-
lowing four values: 0.12, 0.16, 0.20, 0.24. Finally, the one-mode net-
works and two-mode networks joining them were joined within a
linked network.

The design of the simulation allowed all possible combinations of
the factors listed below (their levels) to be tested. For each combina-
tion, 10 random networks were generated and analyzed. The factors
that varied were (the names in the square brackets are used in figures
and tables:

• Total number of units [n]: 400, 800, and 1600
• The number of clusters in each set7 [k]: 2, 4, and 8

Fig. 7. Temporal view of the separate-time true multilevel analysis using 3, 3, 3, 3 and 3, 3, 5, 7 partitions.

7 The total number of clusters is therefore this number, multiplied by 4.
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Fig. 8. True temporal multilevel blockmodeling – 3, 3, 3, 3 and 3, 3, 6, 7 partitions.

Table 7
Association of 3, 3, 3, 3 dynamic multilevel partition with attribute variables.

Category Value chain type

Buyer Buyer, seller Seller Broadcaster Distributor Indep. buyer Media group Producer Visitor

2011 1B2 23 0 3 13 0 10 1 2 0
1S1 1 0 27 0 18 0 5 5 0
1M3 22 0 39 11 12 12 12 12 2
1BrI1 7 1 1 6 0 2 1 0 0
1DMP2 0 1 17 0 12 0 4 2 0
1Mo3 26 4 33 9 18 18 7 11 0

2012 2B1 9 0 0 6 0 0 3 / /
2S2 1 0 20 1 14 1 5 / /
2M3 32 0 35 24 27 8 8 / /
2Br1 6 2 0 7 0 0 1 / /
2DIM2 1 3 17 0 9 2 10 / /
2Mo3 37 2 37 21 31 16 8 / /
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• The probability of a tie in ‘complete’ blocks [Prob. of a tie in com.
blocks]: 0.12, 0.16, 0.20, and 0.24.
• The number of second-level units for each first-level unit [Sec. lev.
factor]: 1 and 3.

As all combinations of factors were tested and 10 random networks
were generated for each combination, 720 (= 3×3 × 4×2 × 10)
networks were generated. The networks were then analyzed with the
algorithms that all try to minimize the (weighted) sum of squared de-
viations from the block means. All methods used the same weights that
were computed in the same way as in the empirical example in Section
5. Each method was allocated at most 3minutes for analyzing each
network.

The following methods were used (the names in the rectangular
brackets are used in the figures and the tables):

• relocation-based algorithms – homogeneity sum of squares gen-
eralized blockmodeling according to structural equivalence as de-
scribed in Žiberna (2014) and implemented in the blockmode-
lingTest package version 0.3.5.9000 (Žiberna, 2019a). The
following versions were used:
○ With only moves allowed. The moves are tried in random order

and, as soon as an improvement is found, the algorithm moves to
the improved partition [RL moves]

○ The same as above, except that in the case where no improve-
ment is found based on the moves, exchanges are also tried. [RL
moves & ex.]

○ With only moves allowed. All possible moves are evaluated and
the algorithm moves to the partition associated with the biggest
improvement. [RL moves all]

○ Same as above, except that both all possible moves and all pos-
sible exchanges are evaluated. [RL moves & ex. all]

• the k-means-based algorithm described in Section 4.3 and im-
plemented in the kmBlock package version 0.0.1 (Žiberna, 2019b):
• Only k-means [k-means]
• k-means followed by “RL move”. 5/6 of the time was allocated to

k-means, while the remaining 1/6 was given to the “RL move” for
optimization of the best partition found by “k-means” [k-
means+RL move]
• k-means followed by “RL move & ex.” 5/6 of the time was allo-
cated to k-means, while the remaining 1/6 was given to “RL move
& ex.” for optimization of the best partition found by “k-means”
[k-means+RL move & ex.]

In addition, evaluation measures (see the next subsection) were
evaluated for two other partitions:

• Original partition – namely, the partition that was used in gen-
erating the network. The results for this partition are not presented,
but were only used to compute one of the performance measures,
that is, relative error (see the next subsection).
• Partition into sets. This means that only one cluster was assumed per
set (one group).

6.2. Implementation and evaluation measures

The simulation study was run on a desktop computer with an Intel ®
Core ™ i7-7700 CPU@ 3.6 GHz with 16 GB of RAM. All algorithms were
run through the R statistical software version 3.5.3 (64-bit version). For
the relocation algorithm (homogeneity generalized blockmodeling) the
implementation in blockmodelingTest R package version 0.3.5.9000
was used (Žiberna, 2019). The most time-consuming parts of the al-
gorithm (refinement of partitions) was programmed in C. For the k-
means algorithm, the same part (refinement of partitions) was pro-
grammed in C++ using the Rcpp (Eddelbuettel and Francois, 2011)
and RcppArmadillo (Eddelbuettel and Sanderson, 2014). The analysis

of all networks with all algorithms for a single combination of factors
was run on a single thread, although multiple threads were used to run
simulations for several combinations of factors simultaneously.

Each method was allocated 3minutes for analysis. All methods were
implemented so that they finished after the time limit had been
reached. That is, if the time limit had been reached, the refinement
stopped and the current partition (and error) were saved together with
those with already finished (if any) restarts.8 The methods “k-
means+RL move” and “k-means+RL move & ex.” often finished
(substantially) sooner since the second phase (relocation algorithm)
finished much faster than allowed.

The results of the methods were assessed based on two main mea-
sures: error (weighted sum of squared deviations from the block means)
and the Adjusted Rand Index [ARI] (Hubert and Arabie, 1985). Some
other measures based on these two (for ease of interpretation) and some
auxiliary measures were also computed or recorded. The following
measures were therefore saved (the names in the square brackets in-
dicate the names used in supplementary materials):

• Adjusted Rand Index [ARI]
• Is the method the best method for a given network based on the
ARI? [Is best ARI]
• Error [Error] – weighted sum of squared deviations from the block
means.
• Relative error [Relative error]. The relative error compares the error
of each method with the error of the original partition (which was
used to generate the network). It represents how much the error of a
given method is worse than that of the original partition, expressed
in percentage points (relative to the error of the original partition).
It is computed as:

=relative error
err err

err
100org

org

Where err is the error of the evaluated method and errorg is the error of
the original partition.

• Is the method the best method for a given network based on error?
[Is best error].
• Number of restarts achieved9 [Number of restarts].
• Elapsed time [Elapsed time]. The time used by the algorithm.

7. Results

Due to the large number of results, not all results are presented in
this paper. However, all results are included in the interactive table/
chart found in the supplementary materials. In the paper, only the re-
sults for two measures – relative error and the Adjusted Rand Index –
are presented. In addition, to improve legibility, the results for the
versions of the relocation algorithms “RL move all” and “RL move & ex.
all" (where all possible moves or moves and exchanges are evaluated
before selecting the best one) are omitted. As may be seen in the sup-
plementary materials, these methods always performed worse than the
other versions of the relocation algorithm. The results for relative error
are presented in Fig. 9, while the results for the Adjusted Rand Index
are shown in Fig. 10.

Based on the relative error (Fig. 9), we may conclude that in most of
the cases studied where the total number of units is 800 or lower and

8 As the check for time limit is performed only at certain points in the code, it
could happen that to total time was exceeded. In such a case, the results of the
last restart were used with probability proportional to the time left for execu-
tion before the last restart relative to the time used by the last restart. This was
implemented so that the methods with faster restarts would not be favored (for
bigger problems).

9 The last restart is taken into account (if not deleted as explained in previous
footnote) even if it ended prematurely.
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the number of clusters within each set is 2 or 4 (so 8 or 16 in all sets),
relocation algorithms and k-means based algorithms perform similarly.
In the cases with 400 or 800 units and where the number of clusters in
each set is equal to 8, the relocation algorithms perform better than the
k-means-based methods (“k-means”, “k-means+RL move”, “k-
means+RL move & ex.”). The exception is the case with 800 units, 8
clusters and second-level factor set to 1 (and not 3) where the k-means-
based methods outperform the relocation algorithms. Another inter-
esting observation is that while for the relocation algorithms the re-
lative error more often than not increases as the number of units in-
creases, the opposite is true for the k-means-based methods. Larger

networks on one hand mean larger blocks which are, especially at the
relative low densities used in this simulation, easier to find, while on
the other hand they also increase the computational burden. In the
setting with 1600 units, k-means based algorithms clearly outperform
the relocation algorithms.

Based on the Adjusted Rand Index (Fig. 10), the conclusions made
about the comparison of methods are similar, perhaps with the excep-
tion that now we can notice that the k-means-based methods performed
better than the relocation algorithms in the case of 800 units, 4 clusters,
the probability of a tie in a complete block 0.12 (the lowest one used)
and the second-level factor set to 1. In addition, we can determine how

Fig. 9. Values of the relative error for the different methods. Each line represents the results of one method. The light-gray line represents the value of the relative
error if all units in the same set were to be placed in the same cluster and is added for comparison purposes as practically the most uninformative solution. The panels
are determined by the values of the variables indicated (variables and their value) in the gray rectangles on the top and right sides of the figure.
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well the methods can recover the true partition. For the k-means-based
methods, the recovery improves as the number of clusters increases. For
the relocation algorithms, this is mostly true only when we move from
400 to 800 units, but when we increase the number of units further, the
recovery deteriorates.

For the relocation algorithms, there is almost no difference among
the versions that try only moves (and take one as soon as an im-
provement is found) and the one that also tries exchanges if no im-
provement was found when checking all the moves. This is probably
due to the fact that exchanges are rarely tested in such a design.

For the k-means-based methods, no version consistently outper-
forms the others so it is hard to judge whether it is better to try to refine

the partition obtained with the k-means-based algorithm with a re-
location algorithm or not. The simulation setting is however slightly
biased in favor of using no refinement because the methods with re-
finement did not usually use all their time (as the refinement ended
before all of the allotted time had elapsed).

7.1. Simulation study summary

The main finding of this simulation study is that relocation algo-
rithms (when implanted properly, namely, when all possible moves are
not evaluated) performs better with a smaller number of units and
larger number of clusters, while k-means-based algorithms are much

Fig. 10. Values of the Adjusted Rand Index for the different methods. Each line represents the results of one method. The light-gray line represents the value of the
relative error if all units in the same set were to be placed in the same cluster.
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superior for a larger number of units, although their performance drops
with the number of clusters. Based on these results, we may say the
methods are roughly equivalent at around 800 units. Nevertheless, we
can also say that in the analyzed settings (mainly at least 400 units and
at most 8 clusters per set) the k-means-based methods never performed
significantly worse than the relocation algorithms, but did perform
significantly better in settings with 1600 units.

8. Conclusion

The motivation for this paper was that generalized blockmodeling
for linked (or multilevel) networks (Žiberna, 2014; Žiberna, 2020;
Žiberna and Lazega, 2016) is only able to analyze networks with a few
hundred units within a reasonable time. This is especially problematic
for linked networks as they are often quite large by design given that
they are the union of several networks. Different types of linked net-
works exist such as multilevel, dynamic networks, dynamic multilevel
networks, and meta-networks. The dynamic multilevel dataset used in
this paper (Discop East dataset (Brailly, 2016; Brailly et al., 2016)) was
previously analyzed with these methods but, due to the limits of gen-
eralized blockmodeling (and, as found in this study, due to suboptimal
use of the relocation algorithm in previous research), only a multilevel
network for one time point was considered. The aim of the paper has
therefore been to develop a faster algorithm for blockmodeling linked
networks able to handle larger linked networks.

The K-means method is one of the most often used clustering
techniques (Berkhin, 2006), at least partly also due to it being ex-
tremely fast in practice (Roughgarden and Wang, 2016). As this algo-
rithm is not applicable to networks, the well-known two-mode k-means
(or kl-means) algorithm for clustering two-mode networks or matrices
(Baier et al., 1997; Brusco and Doreian, 2015a, 2015b; Van Mechelen
et al., 2004; van Rosmalen et al., 2009; Vichi, 2001) was used as a
starting point for the algorithm. The first contribution of this paper is
the modification of this two-mode algorithm to a onemode clustering of
one-mode networks. This algorithm is then extended to handle linked
networks as suggested by Žiberna (2014), that is, in the same way this
extension is made in generalized blockmodeling since the extension
applies to most blockmodeling methods. This extension simply adds
two things to the algorithm. The first is the constraint that units from
different sets cannot be clustered together (put in the same cluster). The
second is that different weights (in the criterion function) can be given
to different parts of the linked network. One of the biggest problems
specific to blockmodeling linked networks is the choice of these weights
(for different parts of the network). Since here the same suggestions as
used with generalized blockmodeling apply, these are only reviewed in
this paper. The paper also suggests a procedure for blockmodeling
linked networks.

The proposed k-means-based algorithm actually optimizes the same
criterion function as sum of squares homogeneity blockmodeling ac-
cording to structural equivalence (Žiberna, 2007). Therefore, I also note
that this can be used to further improve the obtained result because
generalized blockmodeling is not that slow if only one relatively good
partition is optimized. The benefit of the proposed algorithm is speed,
but to achieve this the versatility of generalized blockmodeling must be
sacrificed.

The k-means-based blockmodeling for linked networks was used on
a dynamic multilevel network based on the Discop East dataset (Brailly,
2016; Brailly et al., 2016) with more than 400 units. The analysis of the
“static” multilevel network for 2012 which was analyzed previously
with generalized blockmodeling for linked networks (Žiberna, 20120)
showed that the approach produces similar results as generalized
blockmodeling in much less time. Further, the approach scales much
better with the number of units and analysis of the whole dynamic
multilevel network was also possible. The analysis of such a relatively
complex linked network (the analyzed dynamic multilevel network
with 4 sets of units) revealed that such analysis becomes ever more

complicated as the number of sets of units increases. The main reason
for this is that determining the appropriate number of clusters becomes
increasingly complex, especially as the selected number of clusters in
one set influences the appropriate number of clusters in the other sets.
In addition, the selection of suitable weights becomes more compli-
cated.

The algorithm can of course also be applied to other linked network
types, such as dynamic networks (at two or more time points, where not
all units must be present at all time points) and multilevel networks
(both of these were blockmodeled as examples of linked networks in
Žiberna (2020)), meta-networks based on the PCANS model
(Krackhardt and Carley, 1998). In addition, the algorithm is also sui-
table for “classical” one-mode networks, where however we want
clusters not to cross certain group boundaries. E.g. the structure of
baboon grooming networks (Doreian et al., 2005, pp. 21–24) is strongly
determined by gender. The algorithm could be used to enforce that each
gender would be clustered in a selected number of clusters.

A simulation study was also conducted to compare homogeneity
generalized blockmodeling (that uses the relocation algorithm) and k-
means-based algorithms. The main conclusions are that when the re-
location algorithm is implemented properly (that is, when all possible
moves and possibly exchanges are not evaluated first) performs better
with a smaller number of units and larger number of clusters, while k-
means-based algorithms perform much better for a larger number of
units, although their performance drops as the number of clusters in-
creases. The results indicate that the methods are roughly equivalent at
around 800 units. Nevertheless, we can also say that in the analyzed
settings (mainly at least 400 units and at most 8 clusters per set) the k-
means-based methods never performed significantly worse than the
relocation algorithm, but did perform significantly better in settings
with 1600 units.

Although somewhat expected with hindsight, another important
finding is that the relocation algorithm should, even with modestly
sized networks (e.g. 100 units), never try to evaluate all possible moves
(or moves and exchanges), but should move to a better partition as soon
as it is found. Equipped with this knowledge, homogeneity generalized
blockmodeling could be used even with the multilevel network ana-
lyzed in this example.

This research also opens several paths for further research. Two of
them are outlined above, namely, determining the appropriate number
of clusters, a topic that is problematic even for the classical k-means
approach (Steinley, 2006), and determining the appropriate weighting
when blockmodeling linked networks. Based on simulations two in-
teresting questions arise. The first is what is the best way to combine
the k-means-based methods and the relocation algorithm, and the
second is why k-means-based methods perform worse (also relative to
the relocation algorithm) when the number of clusters is larger. Does
the problem lie in the smaller blocks or the number of blocks itself, or
perhaps just the implementation used here? Other topics are to include
some elements of generalized blockmodeling (e.g. the possibility to at
least in some way pre-specify a blockmodel) into the k-means-based
algorithm, more formally testing the scalability of the algorithm,
adapting stochastic blockmodeling techniques to linked networks and
much more.
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